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Adviser: Christos Argyropoulos 
Since the isolation of graphene in 2004, a large amount of research has been directed 
at 2D materials and their applications due to their unique characteristics. Compared 
with the noble metal plasmons in the visible and near-infrared frequencies, graphene 
can support surface plasmons in the lower frequencies of terahertz (THz) and mid-
infrared. Especially, the surface conductivity of graphene can be tuned by either 
chemical doping or electrostatic gating. As a result, the idea of designing graphene 
metasurfaces is attractive because of its ultra-broadband response and tunability. 
It has been demonstrated theoretically and experimentally that the third-order 
nonlinearity of graphene at the THz frequency range is exceptionally strong, and 
graphene has smaller losses with respect to noble metals. These features make graphene 
a promising candidate to enhance nonlinear effects at the far-infrared and THz 
frequencies.  
In this thesis, we present several designs to explore electromagnetic applications of 
graphene metasurface. Theoretical and simulation studies are carried out to design 
tunable THz polarizers, amplifiers, coherent perfect absorbers and to achieve enhanced 
nonlinear effect. These studies on the applications of monolayer graphene demonstrate 
prospective potentials of graphene in THz sensing, imaging, modulators, and nonlinear 
THz spectroscopy. 
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CHAPTER 1. INTRODUCTION 
1.1. Background  
Graphene is a monolayer of carbon atoms constructing a two-dimensional (2D) honeycomb 
lattice having two sp2-bonded atoms in the primitive unit cell. It was first isolated in its planar 
form using adhesive tape in 2004, by a group of scientists at University of Manchester [1]. 
Since the discovery, graphene has become one of the most investigated 2D materials, since it 
has a set of remarkable properties, such as great mechanical properties, outstanding electrical 
and thermal properties [2–4]. The high electrical and thermal conductivity can be attributed to 
the unusually high room temperature electron mobility of 15,000 cm2/Vs. 
Graphene’s extended honeycomb network is the basic building block of other important 
allotropes: i) it can be stacked to form three-dimensional (3D) graphite; ii) rolled to form one-
dimensional (1D) nanotubes; iii)  wrapped to form zero-dimensional (0D) fullerenes [5]. The 
atomic structures of a few carbon allotropes are shown in Fig. 1.1. Graphene has the highest 
ratio of edge atoms among all the allotropes, which leads to a hundred times more chemical 
reactivation than thicker sheets [6,7]. Graphene is a particularly interesting material for optics 
applications since it possesses a broadband optical absorption property: graphene absorbs light 
at any frequency, including the THz range. The THz frequency range contains frequencies from 
0.1THz to 20THz, which is in between two well-defined frequency regimes - the photonic 
regime on the higher-frequency side and the electronic regime on the lower-frequency side. 
This special location implies that one can use optical, electronic, or both optical and electronic 
means, to generate, detect, or manipulate electromagnetic waves. Therefore, graphene holds 
limitless possibilities into literally every corner of industry and manufacturing in the coming 
future.  
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Figure 1.1 Atomic structures of carbon allotropes. Reproduced from [2]. 
 
The first isolated graphene was extracted from a bulk single graphite crystal using 
mechanical exfoliation method, namely “Scotch tape method” [1]. Graphite crystals contain 
graphene layer-by-layer which are linked by weak van der Waals forces. A multiple-peeling 
process with a cellophane tape leads to monolayer graphene. By pressing the tape on a Si/SiO2 
substrate, monolayer graphene is attached on the substrate to isolate electrically. By this 
mechanical exfoliation method, sizes of graphene can reach to the order of several square 
micrometers, while the thickness of graphene is difficult to control, resulting in a low-yield 
problem. Thus, this technique is unsuitable for mass production. In 2015, Huang et al. [8] 
proposed a modified approach for exfoliating thin monolayer and few-layer flakes from layered 
crystals for the fabrication of graphene and other 2D materials. Figure 1.2 illustrates the process 
steps in our modified exfoliation method. Here, graphene exfoliation is shown for example. 
They used SiO2/Si as the substrate and ordinary adhesive tape as the transfer medium. As 
shown in Fig. 1.2(a), contact with the tape transfers thick graphite flakes from a highly oriented 
pyrolitic graphite (HOPG) crystal. In the next step, the SiO2/Si substrate is ultrasonically 
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cleaned in acetone, 2-propanol, and deionized (DI) water, and then subjected to an oxygen 
plasma to remove ambient adsorbates from its surface, as shown in Fig. 1.2(b). Then the 
graphite-loaded tape is brought in contact with the substrate and the substrate with the attached 
tape is annealed for 2 - 5 min at ∼100 °C in air on a conventional laboratory hot plate. This 
step is shown in Fig. 1.2(c). The adhesive tape is removed after the sample is cooled to room 
temperature and the exfoliation is completed. Inspection by optical microscopy shows the 
successful transfer of few-layer graphene to the SiO2/Si substrate. The linear dimensions of 
areas with uniform thickness are routinely in the range from ∼20 μm to well above 100 μm, 
and the thin (few-layer) sections of the flakes are up to several 100 μm in size, as shown in Fig. 
1.2(f). They also characterized the produced graphene flakes by atomic force microscopy 
(AFM) imaging and Raman spectroscopy, and the results demonstrated that  
 
Figure 1.2 Illustration of the modified exfoliation process to produce layered graphene crystals. (a) Optical 
image of the SiO2/Si substrate and adhesive tape with graphite flakes, which adhere after contact with a 
HOPG crystal. (b) Oxygen plasma cleaning of the SiO2/Si. (c) Contact between the graphite decorated tape 
and the substrate surface, followed by heating of the substrate (with tape) on a hot plate in air at ∼100 ºC for 
2 min. (d) Removal of the substrate from the hot plate and peeling off of the tape. (e) Optical image of the 
substrate after graphene exfoliation. (f) Optical micrograph of one of the graphene flakes on the substrate in 
(e). The flake has a thickness varying in steps between 1 ∼ 4 layers. Reproduced from [8]. 
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the monolayer and few-layer graphene have high quality. Moreover, with experiments on 
exfoliation of Bi2Sr2CaCu2Ox, they suggested that the exfoliation approach they proposed are 
applicable to a wide range of 2D materials. 
Atomically thin 2D materials have attracted lots of research interests in recent years 
because of their exotic electronic and optical properties that are distinctly different from their 
bulk parental materials [9–12].  2D materials can interact with the incident waves strongly, 
even though they have inherently monolayer to few-layer thickness. Thanks to the ultrathin 
thickness, as well as the remarkable optical properties, 2D materials have enabled diverse new 
conceptual photonic devices which are fundamentally different from those based on traditional 
bulk materials [13–16]. A variety of 2D materials have been investigated, including graphene, 
hexagonal boron nitride (h-BN), transition metal dichalcogenides (TMDs), and black 
phosphorus (BP) [1,17–20]. The family of 2D materials offers a full spectrum of physical 
properties and the 2D crystal structures render a unique combination of mechanical properties, 
with high in-plane stiffness and strength but extremely low flexural rigidity. It has been 
demonstrated that the 2D materials are promising for a wide range of applications [11,21,22].  
The method of chemical vapor deposition (CVD) has enabled the synthesis of large-area 
and uniform thickness 2D layers of metal and insulating surfaces for large-scale device 
fabrication. The CVD method has been reported to synthesize graphene successfully, which 
consists of the decomposition of hot hydrocarbon sources on catalytic surfaces or surface 
segregation of carbon during a cooling step from the carbon/metal binary phase system [23,24]. 
However, this process requires very high temperatures ( 1000 C>  ) and is not suitable for mass 
production. These limitations can be resolved by the combination of thermal and plasma energy, 
which can facilitate the decomposition of hydrocarbon at lower temperatures ( 1000 C<   ) 
[25,26]. With the plasma-assisted CVD method, the produced graphene films have controllable 
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electrical and optical properties, by varying the plasma power, growth temperature, and growth 
time. Chemical exfoliation [27] is a solution-based process to obtain single-layer graphene. 
This method is simple and can produce large quantities of graphene at low cost, but the 
electrical and optical properties of reduced graphene oxide films are inferior to those of 
graphene sheets obtained with mechanical exfoliation or CVD methods.  
 
1.2. Optical properties of graphene 
1.2.1. Linear properties of graphene 
The optical absorption in graphene depends on the Fermi energy of electrons. The 
absorption of un-doped graphene at zero Kelvin temperature is frequency independent and can 
be described by 2.3%A πα= ≈  where 2 1/137eα = =  is the fine structure constant, as 
shown in Fig. 1.3 [28]. Optical losses of graphene strongly depend on the carrier concentration 
and mainly originate from two distinct mechanisms: interband and intraband losses. The 
interband transition occurs when the photon excites an electron from the valence band to the 
conduction band if the energy of the photon is larger than 2 ( 2 )F FE Eω > . On the other hand, 
graphene plasmons can lose energy to electrons scattering from charged impurities. This 
transition keeps the electron in the conduction band and is called intraband transition.  
Considering finite temperature and doping conditions, graphene’s 2D optical conductivity 
could be represented by the Kubo formula [29]:  
2
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where int erσ and int raσ  represent the conductivity contributed by the interband and intraband 
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transition, respectively. The conductivity σ is equal to int inter raσ σ+ , the sum of the two 
contributions. In Eq. (1.1), e is the electron charge, Bk  is the Boltzmann constant,   is the 
reduced Planck’s constant, T is the temperature, ω  is the frequency, EF is the Fermi level of 
graphene, and Γ  is the scattering rate of the intraband and interband electrons. When EF and T 
are zero, we can easily recover the minimum optical conductivity 0σ , which is equal to 
2
0 4eσ =  . 
The optical properties of a truly 2D material can fully be described by the optical 
conductivity 𝜎𝜎, which is defined by: 
 ,J Eσ=   (1.2) 
where J is the surface current in graphene and E is the in-plane component of the electric field. 
When the electromagnetic field interacts with graphene, it can induce interband and intraband 
transitions, which are the origin of optical conductivity, as shown in Fig. 1.3. From Eq. (1.1), 
it can be found that the intraband contribution dominates in the THz and far-infrared region. 
The unique features of ballistic transport and ultrahigh electron mobility (in excess of 
220000cm /Vs ) may provide an almost purely imaginary conductivity of graphene in this 
regime. 
 
Figure 1.3 Light-induced interband and intraband transitions in doped graphene. 
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The real and imaginary parts of graphene conductivity for interband and intraband 
transitions have been demonstrated in units of universal optical conductivity 0σ , respectively, 
as functions of photon energy, as shown in Fig. 1.4. The temperature has been assumed to be 
room temperature (300K). It is found that the low-frequency response is dominated by the 
intraband conductivity intraσ , while the interband conductivity interσ  dominates in the high-
frequency range, which exhibits Pauli blocking when ℏ𝜔𝜔 ≤ 2𝐸𝐸F and approaches the universal 
conductivity 0σ  at high frequencies. The form of Eq. (1.1) indicates that intraσ  is described by 
the Drude model. More importantly, the conductivity of graphene can be tuned with Fermi 
level EF. This dynamic reconstruction can be used to tailor the same graphene devices for 
situational uses, which can operate at a wide range of optical frequencies from THz to the 
visible [30], or even electro-optic modulation by the electrical gate signals [14]. Recent 
innovative methods like surface carrier transfer have tuned graphene’s Fermi level to over 0.8 
eV successfully, which enables the coupling of near-infrared graphene plasmons [31]. 
 
Figure 1.4 Optical conductivity of graphene. (a) The real and imaginary part of the conductivity of graphene. (b) The 
interband and intraband conductivity of graphene. These figures are calculated with 250 , 40FE meV meV= Γ = . 
 
In this thesis, we mainly investigate graphene and graphene-based devices in the THz 
frequency range, where the contribution from interband transitions becomes negligible, as we 
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have explained.  To simplify, we can rewrite the optical conductivity of graphene by employing 
a Drude-like dispersion [32]: 
 
( )1
,g
iD
i
σ
π ω τ −
= −
−
  (1.3) 
where 2 2FD e E=   and  τ  is the electron relaxation time that accounts for the optical loss. 
We will keep using this expression in the thesis unless otherwise specified.  
 
1.2.2. Nonlinear properties of graphene 
In addition to these linear properties, the nonlinear optical properties of graphene and other 
2D materials have attracted increased attention.  The nonlinearity is typically only observed at 
very high light intensities, which can be provided by lasers. 2D materials with excellent 
photophysical properties and large optical nonlinearities are potential candidates for optical 
applications in the nonlinear regime THz frequencies. Specifically, graphene shows remarkable 
optoelectronic properties and optical nonlinearities with ultrafast response times and a broad 
spectral range. Recently, numerous nonlinear optical phenomena of graphene have been 
extensively studied and experimented, such as harmonic generation, frequency mixing, optical 
rectification and photon drag effect [33–37], which can lead to the development of applications 
like all-optical switches, THz transistors, optical power limiting, and fast optical 
communication [38–41]. 
The nonlinear properties of graphene can be theoretically studied by applying an electric 
field to the media, and we can observe the nonlinear dynamics in the induced electric currents. 
Graphene has been predicted to have very strong optical nonlinearities, especially at microwave 
and THz frequencies, and its nonlinear effects can be observed with rather low fields (~103 
V/cm) [33,39,42], resulting from the band structure of graphene. The nonlinear response of 
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graphene arises from the fact that the carrier velocity is not proportional to momentum under 
an oscillating electromagnetic field, while in parabolic band semiconductors, velocity (v) and 
momentum (p) are related by the expression: ( )x x xv p p pε= ∂ ∂ ∝  , in graphene their relation 
is given by: 2 2( ) sgn[ ]x x x x y xv p p p p p pε= ∂ ∂ ∝ + ∝  [43]. This sgn function can lead to the 
excitation of all odd high-harmonics, which can be applied in frequency multiplication and 
high harmonic generation. The natural nonlinear response will be of great interest. Graphene 
has been experimentally demonstrated to possess a remarkably strong third-order nonlinear 
susceptibility (3)χ  at THz frequencies [43].  
The strong third-order nonlinear response originates from the intraband electron transitions 
[36], as well as the resonant nature of the light-graphene interactions. Both of these effects are 
dominant under THz radiation illumination. Specifically, the Kerr nonlinear susceptibility (3)χ  
of graphene has been found to have a high value up to 15 2 21.4 10 m V−×  in recent experiments 
[44]. By further investigation around the Dirac points with the widely accepted linear 
dispersion approximation, the third-order nonlinear surface conductivity of graphene at the 
THz frequencies is calculated by the formula [45]: 
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σ ν ωσ
π ω
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  (1.4) 
where 20 / 4eσ =  , 
61 10 /F m sν = × , ( ) 17 ( ) 64 (2 ) 45 (3 )T x G x G x G x= − + , with 
( ) ln | (1 ) / (1 ) | (| | 1)G x x x i xπθ= + − + − , and ( )zθ  is the Heaviside step function. 
Electric fields in the order of ~kV/cm are necessary for nonlinear effects to be triggered.  It 
is possible in metamaterials with a narrow gap to obtain field enhancements in the order of 
1,000 X with coupling loss ~ 3 dB [46].  Those sources capable of providing 1 V/cm can 
effectively provide electric fields in the order of 1 kV/cm in the metamaterial gap. As a result, 
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high power sources are not required for observing and practically employing strong nonlinear 
effects.  
1.2.3. Graphene plasmons 
Surface plasmons are electromagnetic waves bound to the interface between a metal and a 
dielectric [47,48]. Metallic materials can behave as a free-electrons gas, which is the 
prerequisite in the surface plasmon formation. Plasmonic waves can be formed along the metal 
surface, with the moving of the coupled photon energy, induced by the collective motion of 
free electrons, as shown in Fig. 1.5 [49]. The excitation of graphene surface plasmon is a 
method to effectively enhance the nonlinear response of graphene. Therefore, graphene can be 
used as a building block to provide field confinement or enhancement by exploiting its 
plasmonic behavior [50,51]. Graphene plasmons have been observed in many configurations 
including graphene ribbons, disks, and nanoslits [52–56]. One important feature of graphene 
plasmons is their tunability, because they depend on the carrier concentration, which can be 
controlled by electrical gating or chemical doping [52,57]. This is a unique property of 
graphene and not attainable in metals.  
 
Figure 1.5 Surface plasmons are the collective motion of free electrons that induces charge density 
oscillations. Reproduced from [49]. 
 
The semi-classical model can be applied to describe the basic plasmonic behavior of 
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graphene. Isotropic and uniform three-dimensional plasmas can support both longitudinal and 
transverse electromagnetic modes. However, in 2D electron gases, only the longitudinal 
(transverse magnetic, TM) modes exist under standard experimental conditions. The dispersion 
relations of TM plasmon modes for suspended graphene are given by [58]: 
 
2 2 22 ( )
1 0,
i k cπ σ ω ω
ω
−
+ =   (1.5) 
where k is the wave number of the plasmonic mode, ( )σ ω  is the local dynamic conductivity 
of the 2D gas as a function of the angular frequency, and c is the velocity of light in free space. 
The TM mode can exist only when the imaginary part of the conductivity is positive, as we can 
see from Eq. (1.5). With regard to transverse electric (TE) mode, Mikhailov, et al. [58] have 
demonstrated that it can exist in graphene, and propagates along the graphene layer with a 
velocity close to light velocity c. TE mode has weak damping in graphene and has a tunable 
frequency across a wide frequency range from radio waves to the infrared [59]. With the same 
model, the dispersion spectrum of TE mode has the form:  
 
2 2 2 2
2 ( )1 0,i
c k c
π ωσ ω
ω
− =
−
  (1.6) 
From this equation, we can deduce that the TE mode may also exist if and only if the imaginary 
part of the conductivity is negative. Thus, the sign of Im( )σ  determines which mode will be 
supported.  In this thesis, I will focus on the TM plasmon mode excited in graphene since TE 
plasmon mode has weak confinement. Then, the dispersion of TM plasmon mode in 2D 
graphene is derived as follows: 
 20
21 ( ) ,
( )
d ck
c
ε εω
σ ω
= −   (1.7) 
where dε  is the permittivity of the dielectric. In this thesis, we are interested in the THz 
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frequency range, and as a result, we consider only the intraband conductivity for simplicity. 
Graphene’s electronic susceptibility can be written as:  
 
2
2 2
0 0
,g Fg
i k e E kσ
χ
ε ω ε π ω
= = −
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  (1.8) 
By fitting the Drude model to the bulk plasma frequency, we obtain  
 
2
2
0
.Fe E kω
ε π
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
  (1.9) 
This result is derived with the semi-classical model which works only when Fk k  [60]. 
In order to have a more general dispersion relation of graphene plasmons, the random phase 
approximation (RPA) [60,61] should be applied. Equation (1.9) reveals the important signature 
of 2D Dirac plasmons: graphene’s plasma frequency scales with 1/4N  because F FE Nν π= 
, where Fν  is the Fermi velocity, and N is the 2D free-electron density of graphene. In addition, 
graphene’s plasma frequency contains Planck’s constant instead of the electron effective mass. 
It implies the Dirac nature of the graphene plasmons.   
 
1.3. Other 2D materials 
Besides graphene, h-BN is another extremely important member of the 2D material family, 
which is originally known from its insulator properties. Bulk h-BN is formed from layers of 
honeycomb lattices of B and N atoms, occupying, respectively, the A and B sublattices in each 
layer, as shown in Fig. 1.6(a). h-BN layers are stacked in 2H order, with pairs of layers forming 
a unit [62,63]. Photon polaritons in h-BN possess extremely high confinement and even lower 
loss compared to graphene plasmon polaritons [64]. h-BN is a natural hyperbolic material, in 
which the dielectric constants are the same in the basal plane ( t x yε ε ε= = ) but have opposite 
signs ( 0t zε ε < ) in the normal plane ( zε ). As a result, it can be used to explore exotic photonic 
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properties, such as strong enhancement of spontaneous emission, thermal radiation, and 
negative refraction [65–67]. This property makes the design of atomic-scale hyperbolic 
metamaterials possible. More importantly, monolayer h-BN has a large bandgap of around 6 
eV (shown in Fig. 1.7(a) [9]), which makes it an excellent dielectric. In addition, it can be 
incorporated into various heterostructures for the electrostatic gating of other 2D materials. The 
most favorable configuration is the combination of h-BN and graphene, where boron atoms lay 
on the top of one of the sublattices in graphene and nitrogen is situated at the center of the 
hexagon. As a substrate, h-BN can help to induce the band gap in graphene [68].  
TMDs have the general formula MX2, where M is a transition metal atom and X is a 
chalcogen atom. Molybdenum disulfide (MoS2) was first experimentally isolated in 2010 
[18,19]. Similar to h-BN, bulk MoS2 is built from layers consisting of two hexagonal lattices 
of Sulphur (S) atoms and a sheet of Molybdenum (Mo) atoms occupying trigonal prismatic 
sites between the S sheets, as shown in Fig. 1.6(b) [62]. TMDs monolayers (such as MoS2, 
tungsten disulfide (WS2), tungsten diselenide (WSe2) and molybdenum diselenide (MoSe2)) 
[69–72] can offer a broad range of electronic properties, from insulating or semiconducting to 
metallic or semimetallic [73]. All of them have a hexagonal structure, with each monolayer 
comprising three stacked layers (X-M-X). The indirect-to-direct bandgap transition occurs 
when the thickness of TMDs decreases from multilayer to monolayer. This is one remarkable 
property of the TMDs. For bulk or multilayer TMDs, the photoluminescense can be negligible, 
because the photon-assisted second-order radiative recombination of indirect excitations are 
slow and inefficient. However, the TMDs will change from indirect to direct bandgap when 
the thickness is decreased to a monolayer, as shown in Fig. 1.7(b) [9]. Furthermore, changing 
the number of layers can help size the bandgap of semiconducting TMDs, which can also be 
engineered by applying an external electric field perpendicular to the TMDs layers [74].  
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Figure 1.6 Structure of repeating two-layer units in 2H-stacked h-BN and MoS2. Reproduced from [62]. 
 
Figure 1.7 Band structures of single-layer h-BN (a), MoS2 (b), BP (c), and graphene (d). Reproduced from 
[9]. 
 
Due to the excitonic and interband transitions, the semiconducting TMDs can exhibit 
multiple absorption peaks from ultraviolet to near-infrared frequencies [75]. Strong light-
matter interaction in semiconducting 2D TMDs is a remarkable feature that makes these 
materials attractive for their use in optoelectronics. It has been measured that the absorption 
coefficients of the two peaks in a monolayer TMD can reach 10% and 30%, respectively [76]. 
All the unique features make TMDs very promising for several applications, such as 
optoelectronic devices, valleytronic devices, and transistors [77–79]. Besides, the high second-
order nonlinearity can offer the potential for the nonlinear optical device applications, because 
of the translational symmetry breaking of odd-layered TMDs [80]. 
Black phosphorus is a recently emerging 2D layered material that can be exfoliated to few- 
layers and monolayer [81–84]. The phosphorus atoms form a hexagonal lattice with a puckered 
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structure resulting in an in-plane monolayer BP (also termed “phosphorene”), as shown in Fig. 
1.8. In contrast to graphene and TMDs, BP has its unique optical properties. For instance, BP 
has a thickness-dependent direct bandgap, ranging from 0.3eV  (bulk BP) to ~ 2eV  
(monolayer BP), as shown in Fig. 1.7(c) for monolayer BP [9,20,85,86].  This is an appealing 
property for mid-infrared photonics and optoelectronics, as the bandgap of BP can bridge the 
gap between the zero-bandgap graphene and the relatively large bandgap TMDs [14,87]. More 
importantly, BP has an anisotropic crystal structure, which has been detected and confirmed 
by its Raman scattering spectra and photoluminescence measurements [88]. Anisotropic crystal 
structure of BP results in many anisotropic optical, electrical, and thermal properties 
[82,87,89]. In addition, anisotropic plasmonic dispersion is supported in monolayer and few-
layer BP because of different effective mass along the different crystal directions [90]. 
Polarization-dependent localized plasmon resonance behavior has also been investigated for 
monolayer BP nanoribbons along the armchair and zigzag directions [91].   
 
 Figure 1.8 Crystal structure of BP showing the in-plane anisotropy between x (armchair) and y (zigzag) 
crystal directions. 
 
In this thesis, we will investigate the BP-based devices. It is necessary to explore the 
complex anisotropic conductivity of a BP monolayer, which can be described by the semi-
classical Drude model [91]: 
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where 
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π
=  is the Drude weight, ,j x y=  represents each in-plane direction, sn  is the 
electron doping level, e  is the electron charge, ω  is the incident radial frequency,   is the 
reduced Planck’s constant, and 10 meVη =  is a typical relaxation rate value for BP [91]. The 
electron mass of BP along the x- (armchair) and y- (zig-zag) direction can be expressed as: 
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[90]. The scale length of the BP is a, which can be chosen as 1 nm and 
a
π  is the width of the 
Brillouin Zone. For monolayer BP, we can apply the same dielectric function with graphene: 
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 where 5.76rε =  is the relative permittivity of monolayer BP.  
Bulk BP can be synthesized by a variety of methods, such as recrystallization from bismuth 
flux, CVD, high-pressure route, and mechanical milling [89,92–94]. Few-layered BP can be 
fabricated with the top-down synthesis by the cleaving of layers from bulk BP, which is enabled 
by the higher intralayer strength and weaker interlayer cohesion of phosphorene. In addition, 
few-layered BP can also be fabricated by liquid-phase exfoliation, plasma-assisted fabrication, 
and pulse laser deposition [95]. Each method has its advantages and disadvantages, and 
different fabrication methods should be selected depending on the most important property the 
proposed device will employ [96].  However, it has been demonstrated that thin-flakes of BP 
with smaller than 10 nm thickness degrade in days when exposed to ambient conditions, 
whereas single and few-layer samples may even degrade within hours [97]. The encapsulation 
of BP was proposed as a possible solution to protect its reaction with environmental species 
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[98]. Exfoliated BP flakes, without encapsulation, can be easily chemically degraded upon 
exposure to ambient conditions. Many studies have confirmed that the encapsulation of 
aluminium oxide (Al2O3), titanium dioxide (TiO2), polyimide, and titanium sulfonate ligand 
(TiL4) can help to preserve the intrinsic properties of few-layered BP [98–101]. In addition, 
encapsulation with other 2D materials has also been explored using graphene or h-BN [99].  
 
1.4. Graphene metasurfaces and their applications  
1.4.1. Metamaterial and metasurfaces  
The electromagnetic properties of a homogeneous material in nature are determined by its 
molecular composition. The electromagnetic behavior of materials in nature is described by the 
electric permittivity (ε) and magnetic permeability (µ) parameters, because the macroscopic 
electric and magnetic fields of a wave propagating in a material are recognized to be the average 
of their microscopic fields [102]. Recently, the idea of ‘metamaterial’ was introduced as a new 
class of artificial materials. The prefix ‘meta’ (from Greek - µϵτα) means ‘beyond’ and, 
therefore, metamaterials can be considered as materials with properties that go beyond what 
we can find in nature. Similar to common materials, metamaterials can be described with the 
macroscopic ε and µ  parameters, because the field averages are also related to the macroscopic 
fields. As a result, the metamaterial can be replaced by a homogeneous medium of identical 
electromagnetic parameters. However, the electromagnetic parameters of metamaterials 
usually include a description of anisotropic media, where ε and µ are tensor and dispersive 
quantities. In addition, the effective ε and µ are frequency dependent. More importantly, the 
remarkable properties of metamaterials benefit from the physical structure of their molecules, 
but not their chemical composition. By combining and structuring different materials, novel 
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properties can be achieved.  
Metamaterials with novel electromagnetic properties can provide access to a new range of 
phenomena, such as negative index refraction, electromagnetic cloaking, and perfect lensing. 
A negative index metamaterial can be simply constructed by combining an electrical and a 
magnetic resonator with both ε and µ negative for an overlapping frequency range, called 
doubly negative index metamaterials. Negative index structures have been realized 
theoretically and experimentally [103,104]. In terms of the electromagnetic cloaking 
application, Pendry et al.  [105] theoretically proposed to control electromagnetic waves 
around an object by using a metamaterial which opens a hole to the Cartesian coordinate space, 
where any object can be concealed. Due to the distorted coordinated system, a hole is 
introduced and a cloak can be realized, as shown in Fig. 1.9 [105]. In this system, a cloak 
smoothly guides the incident waves around the object, and rays emerge on the other side of the 
cloak undisturbed. Later in the same year, Schurig et al. [106] demonstrated the first practical 
realization of such a cloak in microwave frequencies, by hiding a copper cylinder inside a cloak 
constructed with the use of artificially structured metamaterials. As we know, the near field 
inside the negative refracting slab can be enhanced due to surface modes that exist at the 
interface. As discussed in [107,108], a cylindrical negative index lens has to be employed to 
magnify the near field image created at the focal point, because the changes in the scattering, 
phase and evanescent wave amplitude of a wave propagating in a positive medium can be 
canceled by the negative index slab, constructed with artificially structured metamaterials.  
Many metamaterials are assembled from subwavelength elements and the nanostructures 
are very thin compared to the wavelength. Placed in arrays, the characteristics of the tiny 
molecules leads to a homogeneous electromagnetic response that is unique to the resulted 
metamaterials. In this way, a metamaterial can be made to have a deeply sub-wavelength 
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thickness. This kind of metamaterial is called ‘metasurface’, which is the 2D counterpart of 
metamaterial. Generally, metasufaces are widely adopted to control electromagnetic waves in 
multiple frequency regimes. A plethora of applications of metasurfaces have been found, such 
as perfect absorbers, sub-diffraction imaging, nanoantenna devices, and cloaking [106,109–
111].  
 
Figure 1.9 The ray trajectories in a spherical cloak, assuming that 2R λ  , where λ  is the wavelength of 
the electromagnetic wave. (A) 2D cross-section of the system. (B) 3D representation of the same system. 
Reproduced from [105]. 
 
Most of the proposed metasurfaces utilize the plasmonic behavior of their metallic parts or 
unit cells and exhibit resonant behavior. Plasmonic materials display strong interaction with 
light through plasmonic resonances. Due to the external electrical field introduced by the strong 
interaction, electrons inside the plasmonic material can be shifted from their steady-state 
positions. Therefore, a phase shift can be generated at the interface in this way. With their phase 
modulation capability, metasufaces provide a very promising platform to achieve phase 
shifting, light focusing, imaging, polarization conversion, etc. Moreover, a metasurface cloak 
can directly reshape the wave front of the reflected light by compensating for the phase 
difference at different locations on the cloaked surface, without additional phase retardation, 
compared with bulk materials.  
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 Recently, incorporating nonlinear phenomena and effects with metasurfaces has been 
widely investigated [112–115]. Nonlinear metasurfaces combine the advantages of 
metasurface-based flat optics and nonlinear optics, providing a new perspective to improve 
their performance and develop new metasurfaces functionalities. Large optical nonlinearity and 
external modulations through physical stimulii are expected to be generated with nonlinear 
metasurfaces. Reconfigurable metasurfaces are proposed to meet the requirements of rising 
demand in modern optical systems for switchable or tunable responses. Their material 
properties can be tuned optically, electrically, thermally, or mechanically. The plasmon 
resonance of metal and dielectric can occur in the visible light or near-infrared region. As the 
wavelengths increase, the interaction between electromagnetic waves and electrons will be 
weaker. As a result, the metallic or dielectric metasurface are limited to be applied in the 
infrared or visible spectral regions. In addition, metallic or dielectric unit cells arranged in a 
periodic formation are fixed structures, lacking the flexibility to control their response. Hence, 
graphene metasurfaces are attractive ultrathin strctures due to their ultra-broadband response 
and tunability. 
 
1.4.2. Graphene metasurfaces and their applications 
As an excellent plasmonic material with an adjustable plasma frequency, graphene can be 
structured into different shapes such as micro/nano-ribbons [52,116] and disks [53], which 
have the capability of achieving the tunable plasmons in the THz and infrared frequencies. 
Plasmon resonances can be exicted in graphene micro-ribbons and nano-ribbons, as shown in 
Figs. 1.10(a) and (b), which show the AFM and scanning electron microscopy (SEM) of micro-
ribbon and nano-ribbon array, rescectively. It has been demonstrated that graphene plasmon 
resonances can be tuned over a broad THz frequency range by changing ribbon width and in 
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situ electrostatic doping. By exploring the array of nano-disks, as shown in Fig. 1.10(c), it is 
also found that electrical and geometrical tuning of dipolar plasmons can be achieved 
simultaneously.  
 
Figure 1.10  (a) AFM and (b) SEM images of a graphene micro-ribbon array and a nano-ribbon array. . (c) 
SEM image of graphene nano-disk array. Reproduced from [52,53,116].  
 
Due to the fact that it consists of a single atomic layer, graphene exhibits limitations in 
some applications, such as the limited modulation depth of a graphene sheet, including the 
resonance frequency, phase and amplitude. Light-graphene interactions need to be further 
enhanced to achieve adequate efficiency for practical device applications. Towards this goal, 
we can combine graphene with metallic metasurfaces. The hybrid graphene/metallic 
metasurfaces can offer enhanced light-matter interactions from THz to the visible frequencies. 
More importantly, they can achieve tunable devices, by changing graphene’s property via 
chemical doping or electrical gating. It is demonstrated in [117] that efficient THz modulation 
can be obtained by coupling graphene strongly with a plasmonic structure. The hybrid device 
is shown in Fig. 1.11(a), where the localized electric field in the slits is greatly enhanced, as 
we can see from Fig. 1.11(c). Figure 1.11(d) confirms the conclusion that the optical response 
of graphene/metallic gratings possesses broadband and strong modulation capacities. 
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Figure 1.11 (a) The hybrid graphene/metallic metasurface device configuration. A single layer graphene is 
transferred on top of a gold slit device. The incident THz wave is polarized perpendicular to the slit 
orientation. (b) Side view of the hybrid device. (c) Simulated electrical field enhancement factor in the slit 
for different surface conductivities of graphene. (d) Simulated (solid lines) and experimental (empty cycles) 
results of normalized THz power transmission modulation for bare graphene and the hybrid graphene-
metasurface structure as a function of graphene conductivity at 1 THz. Reproduced from [117]. 
 
Metallic nanorod nanoantennas [118] and Fano metasurfaces [119] combined with 
graphene are employed to experimentally observe electrical tunability of the scattering and 
reflection response, respectively, at near-IR frequencies. However, metallic structures suffer 
from inherently high Ohmic losses, which will decrease their electric field enhancement. 
Hybrid graphene/metallic nanostructures have an intrinsic limitation of tunable operation at the 
infrared and optical frequency range. Alternatively, all-dielectric metasurfaces promise very 
low nonradiative or Ohmic losses at near-infrared frequencies, which can lead to a high quality 
factor (Q-factor) resonance. The combination of graphene and dielectric metasurface (Fig. 
1.12(a)) can overcome the modulation limitations of hybrid graphene/metallic systems [120]. 
As shown in Fig. 1.12(b), ultrasharp Fano-type transmission spectrum can be obtained with the 
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hybrid graphene/dielectric metasurface and the electric fields enhacements boosted to 90 times 
compared to the incident wave (Fig. 1.12(c)). In addition, the electric field is also confined 
around and inside the silicon nanobars. As a result, graphene can strongly interact with the 
intense electric fields and lead to an efficient modulation in the resulted transmission 
coefficient, as shown in Fig. 1.12(d).  
 
Figure 1.12 (a) The hybrid graphene/dielectric metasurface device configuration. The dielectric metasurface 
is composed of periodically arranged asymmetric Si nano-bars placed over a silica substrate. Single-layer 
graphene is placed over the asymmetric Si nanorods. The incident THz wave is polarized parallel to the 
orientation of the nanorods. (b) Fano resonance in the transmission coefficient of the dielectric metasurface 
(without graphene sheet on top). (c) Simulated enhancement of electric field distribution at the resonance 
wavelength 1.59 um. (d) Transmission modulation of the hybrid graphene/dielectric metasurface, by 
changing the Fermi level of graphene. Reproduced from [120].  
 
Besides hybrid graphene/metallic and graphene/dielectric metasurface, we can also 
integrate graphene with microcavities to enhance the light-graphene interaction [121]. It is 
demonstrated that a graphene microcavity photodetector can be obtained, which benefit from 
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the large increase of the optical field inside a resonant cavity, giving rise to increased 
absorption. Hybrid graphene metasurfaces have been wildly demonstrated to achieve tunable 
devices such as absorbers, modulators, antennas, polarization converters, and transformation 
optical devices. The use of graphene for these devices could bring significant benefits such as 
extreme miniaturization, monolithic integration with graphene (radio-frequency) RF 
nanoelectronics, efficient dynamic tuning, and even transparency and mechanical flexibility. 
 
1.4.2.1 THz absorption enhancement 
Graphene supports surface plasmons in the THz and infrared ranges, as we have 
demonstrated in section 1.2.3, demonstrating wide applications in the tunable THz and infrared 
plasmonic devices. The performance of graphene-based devices can be manipulated by 
changing the Fermi energy via chemical doping or electrostatic doping without changing the 
structure of the devices. However, single-layer graphene is almost transparent due to its 
relatively low carrier concentration. By structuring graphene or integrating graphene with 
passive metasurfaces, the interaction of light with the atomic thin layer can be greatly 
strengthened.  
Thongrattanasiri et al. [122] in 2012 realized 100% light absorption in a single patterned 
sheet of doped graphene. They analyzed that an upper limit in absorbance of 50% exists under 
the normal incidence with a symmetric configuration. It is impossible for the continuous 
graphene to have the ultimate limit of 50% absorption in THz and infrared frequencies because 
the matching to the surrounding space requirements of surface conductivity, including the real 
and imaginary parts cannot be satisfied simultaneously. Structured graphene has more freedom 
to realize the theoretical upper limit, as shown in Figs. 1.13(a) and (c), where structured 
graphene is supported on a substrate or lies on a dielectric layer coating a metal. It is interesting 
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to find that the universal maximum absorption limit depends on the incident angle and the 
dielectric permittivity ratio ε1/ε2, as shown in Fig. 1.13(b). In Fig. 1.13(d), it is shown that the 
incidence-angle and polarization dependence of the absorption are very weak.  
 
Figure 1.13 (a) The geometry of graphene metasurface to achieve perfect absorption, which consists of a 
layer of doped graphene nanodisks, placed on a substrate to realize an asymmetric environment. (b) 
Maximum absorbance limit of geometry in (a) for s and p polarization as a function of incidence angle and 
dielectric contrast between two media. (c) Absorbance of graphene disk arrays supported on a dielectric-
coated metallic surface (shown in the inset). (d) Absorbance of the geometry in the inset of (c) for s and p 
polarization as a function of incidence angle and photon energy. Reproduced from [122]. 
 
Ju et al. [52] in 2011 proposed that plasmon resonances in engineered graphene micro-
ribbon (Fig. 1.14(a)) have remarkably large oscillator strengths, resulting in prominent room-
temperature optical absorption peaks. Infrared absorption from doped charge carriers is directly 
related to / CNPT T−∆ , the gate-induced decrease of transmission through graphene micro-
ribbon arrays. Here CNPT  is the transmission coefficient at charge neutral point (CNP) (the point 
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where the density of induced electrons in the conduction band is equal to the density of induced 
holes in the valence band) and CNPT T T∆ = −  , as shown in Fig. 1.14(b). In 2012, Nikitin et al. 
[123] again verified this conclusion by calculating the absorption of the periodic array of 
graphene micro-ribbons (Fig. 1.14(c)). The maximum resonant absorption increases with the 
increase of doping level of graphene, as shown in Fig. 1.14(d), due to both the resonance shift 
to a less absorptive frequency region and the higher number of charge carriers related to the 
plasmonic oscillation. 
 
Figure 1.14 (a) Top view of a graphene micro-ribbon array. The incident wave is polarized perpendicular to 
the graphene ribbons. (b) THz resonance of plasmon excitations through electrical gating. (c) The geometry 
of periodic arrays of graphene micro-ribbons in an asymmetric environment. (d) Absorption modulation with 
different values of Fermi level of graphene. . (e) The geometry of the ultrathin optical graphene metasurface 
absorber. (d) The reflection spectra of the geometry in (e) for different gate voltages. Reproduced from 
[52,123,124]. 
 
 By integrating graphene into a subwavelength-thick optical resonator (Fig. 1.14(e)) [124], 
the high-speed tunable metasurface absorber design can be scaled from the near-infrared to the 
THz frequency range, which benefits from the great flexibility tailoring the response of 
metasurfaces, as well as the broadband optical response of graphene. The total thickness of the 
asymmetric Fabry-Perot resonator is less than λ/10, where λ is the working resonance 
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wavelength. As shown in Fig. 1.14(f), when the gate voltage is tuned away from the CNP, the 
charge carrier concentration in the graphene sheet increases and there is a blue shift for the 
metasurface resonance.  
Near-field absorption can also be enhanced with multilayer graphene structures. A 
multilayer hyperbolic metamaterial (HM) design based on stacking dielectric layers and 
graphene sheets was investigated in [125], as shown in Fig. 1.15, in which reflection and 
transmission properties are tunable at THz frequencies. In addition, a graphene-based HM was 
proposed as a super absorber based on the fact that the power emitted by a dipole was strongly 
enhanced and that most of the power is directed inside the HM structure.  
 
Figure 1.15 Graphene-based hyperbolic metamaterials made by stacking graphene sheets and dielectric 
layers.  Reproduced from [125]. 
 
1.4.2.2 Wavefront control  
As we have demonstrated, metasurface can modify and manipulate the wavefront of 
electromagnetic waves for particular applications such as anomalous refraction. Structured 
interfaces and phase discontinuities are two of these applications. With the combination of 
graphene and dielectric or metallic metasurfaces, the wavefront control devices can be designed 
to be tunable and ultra-broadband. In addition, graphene-based devices can work in the THz 
frequency range. Note that graphene itself can be patterned to a graphene ribbon [126] in order 
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to operate as a phase shifter. However, single graphene nanoribbons forming metasurfaces are 
not able to provide uniform and large scattered amplitude over a wide phase range, which is 
crucial for wavefront control. As we can see in Fig. 1.16(a), it only provides a dynamic phase 
range of π  around the plasmonic resonance by tuning the Fermi level or its dimensions due to 
its intrinsic electric dipole resonance. To improve the efficiency of such a phase shifter, two 
graphene nanoribbons are combined in parallel in a unit cell, as shown in the inset of Fig. 
1.16(b). For normalized amplitude around 0.5 (left in Fig. 1.16(b)), the corresponding regions 
on the right side of Fig. 1.16(b) cover a wide phase range from 0 to 3, sufficient for many 
optical devices to fully control the wavefront of scattered light. Figure 1.16(c) presents 
anomalous refraction obtained with the graphene metasurface.  
 
Figure 1.16  (a) Phase coverage and scattered magnetic field of uniform graphene ribbons by tuning the 
Fermi level, for single graphene nanoribbon. (b) Normalized magnetic amplitude of scattered light, and phase 
shift with respect to the Fermi levels of two nanoribbons. (c) Anomalous refraction. Reproduced from [126]. 
 
It has been reported that a graphene plasmonic metasurface exhibited 2π phase modulation 
by introducing the tunability of graphene on the top layer. For example, Cheng et al. [127] in 
2015 designed a highly tunable broadband anomalous refraction interface composed of 
periodically patterned graphene nano-crosses for circularly polarized waves operating in the 
infrared regime, as shown in Fig. 1.17(a). The anomalous conversion efficiency can be 
dynamically tuned and it remains high in a broadband frequency range just by varying the 
Fermi level of graphene without reoptimizing the nanostructures, as shown in Fig. 1.17(b). This 
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advantage can offer possible applications as wavefront shaping devices. 
 
Figure 1.17 (a) The geometry of graphene nano-crosses metasurfaces to realize anomalous refraction. (b) 
Amplitude of anomalous refraction of left-handed circularly polarized (LCP) wave as a function of Fermi 
level and frequency, at normal incidence of right-handed circularly polarized (RCP) wave. The pentagrams 
and balls indicate the maximum amplitude and the extracted equal amplitude of anomalous refraction, 
respectively. (c) The geometry of the design to control the reflected wavefront. Abrupt phase shift is 
introduced by different localized plasmon resonances depending on their Fermi levels. (d) Phase shifts of 
the geometry in (c) as a function of Fermi level and width of the graphene ribbons. (e) The geometry of the 
graphene metasurface to steer infrared light, which is composed of patterned graphene ribbons on a 
dielectric/metal substrate. (f) Reflectivity and phase of the reflected light as a function of ribbon width. 
Reproduced from [127–129]. 
 
Yatooshi et al. [128] in 2015 designed a tunable graphene metasurface made of graphene 
ribbons with different Fermi levels to realize anomalous reflection, as shown in Fig. 1.17(c). 
The basic idea is that graphene plasmons can modulate an incident THz wave to introduce 
abrupt phase shifts along the metasurface. Figure 1.17(d) shows that the reflection angle of the 
normal incident wave was dynamically controlled by engineering the Fermi levels distribution 
of the graphene ribbons. Li et al. [129] in 2015 realized 2π phase modulation by tuning the 
width of graphene ribbons. Beam steering, focusing and non-diffracting Airy beams have also 
been demonstrated with the same design of the graphene ribbons, as shown in Fig. 1.17(e). 
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Figure 1.17(f) indicated that high reflectivity larger than 48.6% and a continuous 2π phase 
modulation by changing the width of the graphene ribbons, can be achieved.  
Moreover, Miao et al. [130] in 2015 proposed a new mechanism to achieve a wide phase 
modulation range, with graphene used as a tunable loss to drive an underdamped to 
overdamped resonator transition (Fig. 1.18(a)). Here, graphene acts as a lossy surrounding 
medium in sub-THz frequencies to tune the resonance intensity and phase. In each unit cell, 
the maximum phase change is π  around the resonance frequency by tuning the biasing voltage. 
By using two slightly different graphene metasurfaces gated independently, the maximum 
phase modulation is not limited to π  and much larger phase modulation can be achieved. By  
 
Figure 1.18 (a) Hybrid graphene metasurface to achieve THz phase modulation. The metasurface consists of 
an array of Al mesas and a continuous Al film (yellow) separated by an SU8 spacer (blue). CVD-grown 
monolayer graphene is transferred to the top of the metasurface and subsequently covered by a layer of gel-
like ion liquid. (b) Gate-dependent reflection phase spectra of the combined structure when the Al patches 
have two sizes. (c) Hybrid graphene metasurface to achieve >230º phase modulation in mid-infrared 
frequencies. The metasurface is composed of gold antenna array placed on the graphene sheet, and a gold 
back-plane, separated by 500 nm SiNx. (d) Tunable reflection phase for different graphene Fermi levels.  (e) 
Unit cell of the hybrid metasurface consisting of a split-ring resonator and double-layer graphene capacitor. 
(f) Transmission phase spectra at various biasing voltages. The dynamic phase shift is due to the tunable 
material loss of graphene. Reproduced from [130–132].  
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utilizing two types of unit cells with different resonance frequencies and working in the shaded 
frequencies, a 360º phase change is accessible by tuning the biasing voltage. Figure 1.18(b) 
shows that a maximum modulation range of 243° at 0.48 THz is achieved, and this wide-range 
phase modulation can be further increased by decreasing the overall absorption of graphene 
and the SU8 spacer. 
In 2017, Sherrott et al. [131] experimentally demonstrated widely tunable phase 
modulation using an electrostatically gate-tunable graphene metasurface (Fig. 1.18(c)). Here, 
graphene is attached to a uniform array of gold antennas with very small gaps. In mid-IR, 
graphene shows low loss and a tunable dielectric constant with the carrier density. Thus, the 
resonance frequency shifts with the environmental dielectric constant, resulting in a widely-
tunable phase range of more than 200◦ from 8.5 µm to 8.7 µm, as shown in Fig.1.18(d).  
In 2018, Balci et al. [132] integrated passive metamaterials with active graphene devices, 
and demonstrated a new class of electrically controlled active metadevices working in 
microwave frequencies. The proposed design consists of bilayer-graphene-loaded split-ring 
resonator (SRR) arrays, as shown in Fig. 1.18(e). Due to the sheet resistance of graphene, its 
presence in close proximity to SRR introduces additional electrical losses. Figure 1.18(f) shows 
the phase of transmittance of the designed device. Electrostatic tuning of the charge density on 
graphene yields a broadband controllability on the response of the proposed devices.  
It is an exciting route to dynamically and actively tune the polarization of light in the desired 
manner by introducing graphene into the metasurfaces. Usually, anisotropic subwavelength 
graphene patterns or hybrid graphene metasurfaces can support two plasmonic eigenmodes 
along two orthogonal polarization directions and the relative magnitude and phase delay 
between the two eigenmodes can be controlled via geometric design and dynamic modulation 
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of graphene conductivity. As a result, polarization control can be achieved and many 
outstanding tunable applications can be realized. 
A highly tunable optical polarization converter composed of asymmetric graphene nano-
crosses was proposed in 2013, working in the mid-infrared frequency range [133]. The 
structure shown in Fig. 1.19(a) was demonstrated to convert linearly polarized light to 
circularly and elliptically polarized light or exhibited a giant optical activity at different 
wavelengths. The basic idea is that the asymmetric graphene nano-crosses exhibit two distinct 
resonances when they are illuminated by orthogonal linear polarizations aligned along the x 
and y directions. Figure 1.19(b) presents the polarization conversion tunability for the proposed 
devices, by calculating the amplitude ratio and phase difference between the x and y 
components of the transmission coefficient as a function of Fermi energy and wavelength. 
 
Figure 1.19 (a) The geometry of the asymmetric graphene metasurface (left) to achieve a circular polarization 
converter and the unit cell of the proposed design (right).  (b) Amplitude ratio (left) and phase difference 
(right) as a function of the Fermi level of graphene and wavelength. The transmitted polarization state for 
different Fermi levels at a wavelength of 7.92 um is shown in the inset. (c) The geometry of the L-shaped 
graphene metasurface to realize the cross-polarization converter. (d) Amplitude ratio (top) and phase 
difference (bottom) between two orthogonal polarization states as a function of Fermi level and wavelength. 
(e) PCR, polarized reflectance Rxy, and polarization azimuth angle θ as a function of wavelength, where the 
reflection phase difference is 0º. Reproduced from [133,134]. 
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Cross polarization converter (CPC) based on a graphene metasurface has been realized by 
the same group, working in the mid-infrared frequencies [134]. They proposed to apply L-
shaped graphene nanostructures (Fig. 1.19(c)) to convert linearly polarized light to its cross-
polarization in the reflection mode. The amplitude ratio and phase difference between the x and 
y components of the reflectance as a function of Fermi energy and wavelength are shown in 
Fig. 1.19(d), indicating the tunability of the polarization conversion. The polarization 
conversion rate (PCR) is defined as ( )xy xx xyPCR R R R= +  , where xxR  and xyR  are the x- and 
y- polarized reflectance from x- polarized incidence. Tunable broadband cross polarization 
conversion is achieved in Fig. 1.19(e) by changing the Fermi level from 0.7 eV to 0.9 eV. 
Ding et al. [135] in 2017 proposed to construct tunable dual-frequency cross polarization 
converters, working in mid-infrared frequencies, but with an L-shaped nano-slot graphene 
array. With a graphene metasurface patterned with butterfly-shaped holes [136], the circular 
polarization converter was realized by phase compensation to broaden the working bandwidth. 
However, 7-layer graphene is needed to provide an additional phase for the reflected wave. A 
graphene metasurface with a hollow-carved “H” array was also investigated to achieve 
wideband tunable CPC [137], whose polarization conversion ratio could be over 90% from 
2.53 THz to 36.92 THz. By incorporating graphene into the metallic wire grating structure, 
broadband and dynamical control of THz wave polarization can be realized [138]. It was 
demonstrated that the proposed device could be utilized as a tunable polarizer or wave plate 
which can find applications in THz imaging or communication systems. Dutta-Gupta et al. 
[139] provided the first experimental evidence of dynamic control of the polarization state with 
the graphene-integrated anisotropic metasurfaces, which consists of a 2D array of infinite wires 
and C-shaped antennas. The anisotropic property is the key point to realize the polarization 
conversion. 
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1.4.2.3 Other applications 
The electromagnetic properties of graphene can be continuously varied over a broad 
spectral range by shifting its Fermi energy via efficient doping. On this basis, graphene can be 
applied in various modulator designs. Liu et al. [140] from University of California at Berkeley 
were the first to experimentally demonstrate a broadband, high-speed, waveguide-integrated 
electroabsorption modulator, based on single-layer graphene (SLG), as shown in Fig. 1.20(a). 
A monolayer graphene sheet grown with the CVD method is transferred on top of a silicon bus 
waveguide, separated from it by an Al2O3 layer. However, there is a limited effect of the SLG 
on plasmonic metasurfaces in mid-infrared, such as the relatively broad plasmonic resonances 
and weak absorption of graphene. In 2012, a double-layer graphene optical modulator was 
proposed, as shown in Fig. 1.20(b) [141]. In the proposed design, the doped silicon was 
replaced by predoped graphene, which can remove the insertion loss due to the doped silicon 
waveguide. A p-oxide-n like junction is formed with the use of two graphene layers and an 
oxide layer. The modulator can operate at 1 GHz with a high modulation depth (∼0.16 dB/μm), 
which is almost two times higher than the single-layer graphene modulator. 
 
Figure 1.20 (a) Single-layer graphene modulator. (b) Double-layer graphene modulator. Reproduced from 
[140,141]. 
 
 In 2013, Emani et al. [119] demonstrated that strong modulation can be achieved by 
optimizing the graphene nanostructure contact resistance and by the use of multilayer graphene 
(Fig. 1.21(a)). This effect benefits from the use of Fano resonant elements, which can enhance 
35  
 
 
the interaction of incident radiation with the graphene sheet and as a result, to enable efficient 
electrical modulation of the plasmonic resonance. In 2014, by integrating an SLG with a high-
Q Fano-resonant metasurface (Fig. 1.21(b)), Dabidian et al. [142] experimentally demonstrated 
the successful modulation of mid-infrared reflectivity by an order of magnitude (≈10dB), and 
achieved a modulation depth as high as 90% via electrostatic gating of graphene.  
 
Figure 1.21 (a) Hybrid graphene metasurface to achieve electrical modulation of Fano resonance.  (b) 
Integration of graphene and Fano-resonant metasurface. Three key elements in the unit cell are a metallic 
wire that electrically connects the neighboring cells in the y-direction, a pair of x-oriented monopole antennas 
attached to the wire, and a C-shaped antenna placed in their proximity, which is different from the design in 
(a).  Reproduced from [119,142]. 
 
Recently, Zhang et al. [143] proposed an active metasurface, with which the magnitude and 
frequency of the resonant absorption can be continuously and independently tuned through the 
application of voltage biases. This dual-tunable metasurface is composed of three main 
components: a graphene sandwich structure on the top, a dielectric spacer in the middle, and 
an active high-impedance surface at the bottom, as shown in Fig. 1.22(a). With this design, 
they have theoretically and experimentally demonstrated that the metasurface absorption 
frequency can be controlled from 3.1 to 6.5 GHz (Fig. 1.22(b)). At the same time, the reflection 
amplitude can be tuned from less than -30 dB to about -3 dB (Fig. 1.22(c)).  
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Figure 1.22 (a) The geometry of electrically tunable metasurface to achieve independent frequency and 
amplitude modulations. Reflection spectra of the proposed geometry for (b) different capacitances Cv of 
varactors (EF = 0.18 eV) and (c) different Fermi level EF of graphene (Cv = 0.5 pF). Reproduced from [143]. 
 
Based on the modulation of the optical properties of hybrid graphene metasurfaces, the 
useful functionality of optical focusing can be realized. Dual-band focusing reflectors using 
stacked graphene ribbon arrays were designed in 2017, as shown in Fig. 1.23(a), working in 
the long-wavelength infrared region [144]. The plasmonic resonance can be controlled by the 
widths of graphene ribbons, and as a result, the phase of reflected light can be tuned over a 
range of nearly 2π, while the reflectivity is kept relative high at the target frequencies. 
Moreover, the independent control of the reflected light can be achieved by stacking multiple 
layers of graphene ribbons, taking advantage of the weak light-graphene interaction at off-
resonance frequencies. The parabolic reflector (top in Fig. 1.23(b)) can focus normally incident 
light along its symmetry axis at certain points. In addition, the focusing property can be 
designed for targeted frequencies at different off-axis positions, as shown in the bottom figure 
in Fig. 1.23(b). 
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Figure 1.23 (a) The geometry of stacked graphene metasurface to achieve dual-band light focusing. (b) 
Performance of the dual-band focusing on the geometry in (a) under plane wave illumination at normal 
incidence. In this figure, only reflected light is plotted. Reproduced from [144].  
 
In 2018, the versatility of a graphene metasurface was introduced which can achieve 
operations, such as anomalous beam steering, focusing, cloaking, and illusion optics, just by 
changing the electric bias applied to graphene without changing the metasurface geometry 
[145]. The significant difference of the proposed hybrid graphene metasurface compared to 
other similar designs is that the surface below the graphene ribbons is nonplanar, as shown in 
Fig. 1.24(a). By considering a triangular bump covered by a graphene metasurface, the 
wavefront of the wave reflected by the bump can be tuned to match that of the bare plane 
(cloaking) or the hemisphere (illusion optics), as shown in Figs. 1.24(b) and (c), respectively. 
In addition, incident parallel beams can be focused on a point at a distance of 150 μm from the 
base of the triangular bump, as shown in Fig. 1.24(e). 
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Figure 1.24 (a) The geometry of the versatile hybrid graphene metasurface with a nonplanar surface below 
graphene ribbons. (b) – (e) Various operations. (b) Cloaking. (c) Illusion optics. (d) Cloaking with anomalous 
reflection and (e) reflective focusing. Reproduced from [145].  
 
Plasmonic filters are essential for information processing systems. Traditional metal-based 
filters exhibit good performance in the visible and near-infrared regions. As we have explained, 
graphene can support surface plasmons in the THz frequency range. The hybrid graphene 
metasurface is expected to have good performance in THz frequencies and graphene-based 
devices exhibit high tunability because it is easier to change the chemical potential of graphene 
by an external gate voltage exploiting the special energy band structure of graphene. Graphene-
based tunable low-pass filters were studied in [146]. The designed structure is composed of a 
graphene ribbon transferred onto a dielectric substrate and a number of polysilicon gating pads 
beneath the strip, as depicted in Fig. 1.25(a). The working band of low-pass filter can be tuned 
with different statues of the graphene sheet.  
 Except for low-pass filter, a band-stop THz filter was proposed in 2016 [147], which was 
composed of a heavily doped silicon grating covered by a silica layer. Graphene sheets with 
different chemical potentials were transferred onto this structure. Here, the silica layer was used 
to achieve the periodic chemical potential in graphene.  The geometry was shown in Fig. 
1.25(b).   
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Figure 1.25  (a) The geometry of the proposed graphene-based low-pass filter. (b) The geometry of the 
graphene plasmonic crystal band-stop filter. Reproduced from [146,147].  
 
Besides all the applications we have demonstrated above, graphene also provides a very 
promising platform for THz cloaking, sensing, and antenna applications. Chen et al. [148] 
proposed the thinnest possible mantle cloak with operation in the far-infrared and THz 
frequency range in 2011 [148] and also designed a patterned graphene metasurface to cloak 
different objects operating in a wide tunable frequency range in 2013 [149]. The two designs 
are shown in Fig. 1.26(a) and (b), respectively.  
Moreover, the dynamic conductivity of a nonequilibrium 2D electron-hole system was 
studied in optically pumped graphene in 2007 [150]. It was demonstrated that the population 
inversion in graphene can lead to the negative conductivity in THz frequencies under 
sufficiently strong pumping. The photoexcited graphene was used in a metasurface 
configuration for designing a parity-time (PT)-symmetric system in the THz regime, as shown 
in Fig. 1.27(a). This design properly balances loss and gain using a resistive metallic filament 
and an optically pumped, amplifying graphene metasurface. With the design of a periodic array 
of split-ring resonators (SRRs) made of photoexcited monolayer graphene, as shown in Fig. 
1.27(b) [151], the originally extremely weak magnetic resonance can be greatly boosted.  
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 Figure 1.26 (a) The geometry of a graphene surface cloak. (b) The geometry of THz cloaking device based 
on patterned graphene monolayer. Reproduced from [148,149].  
 
Figure 1.27 (a) The geometry of the photoexcited graphene metasurface leading to PT-symmetric THz system, which 
consists of an active graphene metasurface and an absorbing metallic sheet. (b) The geometry of the photoexcited 
graphene metasurface to enhance magnetic resonances, which is composed of a periodic array SRRs made of 
photoexcited monolayer graphene located on a dielectric layer. Reproduced from [150,151].  
 
1.4.3 Nonlinear graphene metasurfaces 
Nonlinearities arise when the electron motion under an electromagnetic field becomes 
anharmonic. Nonlinear effects are more pronounced under high fields because their electric 
field dependence is super-linear. Generally, very high input intensities are required to excite 
nonlinear effect processes. From this view, by means of engineering the material environment 
to provide field enhancement, nonlinearities can be triggered even with relatively low fields. 
In metallic plasmonic structures, the electromagnetic fields can be enhanced and confined in 
subwavelength volumes forming localized and surface plasmon polaritons, which in turn can 
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significantly enhance the nonlinear optical processes. 
Doped graphene has recently attracted much attention as an alternative plasmonic material 
capable of sustaining electrically tunable optical excitations [50,51]. Extreme surface 
confinement of electromagnetic fields due to the excitation of plasmons is known to result in 
an enhanced nonlinear response. Under high THz fields, graphene exhibits a strong third-order 
non-linear response that can be orders of magnitude larger than what is achievable in other 
frequency ranges such as the infrared or the visible. The much strong field confinement in 
hybrid metasurfaces and the intrinsic high nonlinearity of graphene can further boost the 
efficiency of various nonlinear optical effects. From this point of view, Gullans et al. [152] in 
2013 demonstrated significant nonlinear optical interactions at the few photon levels in doped 
graphene nanostructures.  
Bilayer graphene exhibits additional new properties not seen in single-layer graphene. Ang 
et al. [153] reported that both the single frequency and frequency tripled nonlinear response in 
the bilayer graphene sheet becomes comparable to the linear response at a very moderate 
electric field. Smirnova et al. [154] in 2015 reported an enhancement in nonlinear second-
harmonic generation (SHG) response of graphene through its resonant coupling to a plasmonic 
metasurface composed of a lattice of asymmetric gold SRRs via cascaded Fano resonances. 
Jadidi et al. [155] in 2016 theoretically and experimentally modeled the THz nonlinear 
response and observed enhanced nonlinearity two orders of magnitude higher compared to 
unpatterned graphene with no plasmon resonance, indicating the plasmon-enhanced nonlinear 
absorption. By arranging graphene patches in the x-axis and x-y plane to form an 1D graphene 
and 2D graphene metasurfaces as shown in Fig. 1.28, Ren et al. [156] employed 
homogenization technique and rigorous numerical solutions of Maxwell equations and 
demonstrated a large enhancement of the effective second-order susceptibility of these 
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graphene metasurfaces by more than three orders of magnitude, compared to the intrinsic 
second-order susceptibility of a graphene sheet placed on the same substrate, due to the double-
resonance mechanism. 
 
Figure 1.28 The geometry of (a) 1D and (b) 2D graphene metasurface. Reproduced from [156]. 
 
Cox et al. [157] investigated the nonlinear polarizabilities of graphene nanoislands and 
demonstrated that they can be electrically tuned to surpass those of metal nanoparticles of 
similar size by several orders of magnitude. The proposed design consists of 330 carbon atoms, 
spanning a side length of 4.1 nm and doped with two additional charge carriers, as shown in 
Fig. 1.29(a). Nonlinear polarization at multiple harmonics can be produced under the 
illumination of a light pulse, such as SHG and THG.  They continued to study the nonlinear 
optical wave mixing with the same structure [158], as shown in Fig. 1.29(b). Extraordinary 
high wave-mixing susceptibilities can be achieved when one or more of the input or output 
frequencies coincide with a plasmon resonance. This is because the small islands can support 
pronounced plasmons at multiple frequencies. In addition, the enhancement of the wave mixing 
can be realized over a wide frequency range in the visible and near-infrared, by controlling the 
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doping charge density in a nanoisland but with fixed geometry. 
 
Figure 1.29 (a) Electrically tunable second harmonic generation (SHG) and third harmonic generation (THG) in 
graphene nanoislands. The nanostructured graphene surface acts as an assembly of meta-atoms. (b) Plasmon-enhanced 
wave mixing with doped graphene nanoislands. Reproduced from [157,158]. 
 
In 2019, You et al. [159] demonstrated a way to enhance the effective third-order nonlinear 
susceptibility of a graphene sheet by more than 2 orders of magnitude by patterning it into a 
graphene metasurface, which consists of a rectangular array of cruciform graphene patches, 
lying in the x-y plane, as shown in Fig. 1.30(a). The homogenization method was employed in 
this work to analyze the proposed structure. The frequency dependence of (3)xxxxχ  in Fig. 1.30(b) 
suggests a resonant nonlinear optical response. In addition, the effective third-order 
susceptibility of the graphene metasurface is strongly enhanced as compared to that of a 
graphene sheet. From Fig. 1.30(c), a very good agreement is observed between the two spectra 
of the graphene cruciform metasurface and the corresponding homogeneous layer of material, 
indicating that it is possible to replace a patterned graphene metasurface with a simple 
homogenous layer of material with an effective permittivity and nonlinear susceptibility 
retrieved by the homogenization method. 
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Figure 1.30 (a) The geometry of the nonlinear graphene metasurface consisting of a rectangular array of graphene 
cruciform patches. (b) The computed effective third-order susceptibility of the graphene metasurface as a function of 
wavelength. (c) The calculated third-harmonic generation spectra for the graphene cruciform metasurface and the 
corresponding homogenized layer of nonlinear optical material. (d) The geometry of the graphene metasurface for 
topologically protected four-wave mixing (FWM) interactions. Field profile (e) at the signal frequency and (f) at the 
idler frequency. Reproduced from [159,160]. 
 
Recently, the same group studied the topologically protected nonlinear four-wave mixing 
(FWM) process in graphene metasurface upon the breaking of time-reversal symmetry by a 
static magnetic field [160]. This nonlinear graphene metasurface is composed of a periodic 
nanohole array with hexagonal symmetry in a graphene sheet, as shown in Fig. 1.30(d). From 
Figs. 1.30(e) and (f), we can see that the signal is amplified upon propagation, whereas an edge 
mode is generated at the idler frequency, due to the nonlinear FWM interaction. In addition, 
both signal and idler modes are topologically protected and exhibit unidirectional propagation 
along the edge of the system.  
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1.5 Motivation and organization of dissertation 
Compared with 3D bulk metamaterials, metasurfaces exhibit the advantages of increased 
operation bandwidth and reduced losses. Typical unit cells of a metasurface are made from 
noble metals to scatter incident light with selected amplitude and phase. However, the 
plasmonic response of metals is weak as it approaches lower frequencies because of the weaker 
interaction between electromagnetic waves and electrons, limiting their applications in the 
infrared and THz range. In addition, metallic unit cells have fixed structures and lack flexibility 
for active control. Graphene can support surface plasmons as a bulk metal does, whereas 
operating at mid-infrared and lower frequencies. The idea of designing graphene metasurfaces 
is attractive because of its broadband response and tenability. 
In Chapter 2, we present two new designs of broadband polarizers based on graphene 
metasurfaces. The design of an ultrathin broadband THz quarter-wave plate can convert the 
transmitted linearly polarized waves to circular or elliptical polarized radiation. The design of 
a new broadband ultrathin cross-polarization converter (half-wave plate) can convert linear 
polarized waves to their cross-polarized version in reflection. The proposed polarizers based 
on graphene metasurfaces are demonstrated to have many advantages, compared to previous 
designs. They have an ultrathin thickness and very compact size, which can make them the 
building blocks of future integrated THz systems. The property of the proposed devices can be 
dynamically tuned along the entire THz frequency spectrum without changing their geometry 
and just by electrostatically gating graphene. 
Photoexcited graphene can act as the gain medium to produce coherent radiation at THz 
frequencies. However, because of its ultrathin thickness, photoexcited graphene’s response is 
very weak. In Chapter 3, we demonstrate an alternative design to achieve efficient tunable and 
compact THz amplifiers and lasers with broadband operation based on active THz hyperbolic 
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metamaterials (HMM) designed by multiple stacked photoexcited graphene layers separated 
by thin dielectric sheets. By using a periodically patterned graphene-based HMM structure, we 
identify a broadband slow-wave propagation regime resulted from hyperbolic dispersion. As a 
result, reconfigurable amplification of THz waves in a broad frequency range is obtained, 
which can be made tunable by varying the quasi-Fermi level of graphene. 
In Chapter 4, we present an ultrathin nonlinear hybrid planar THz device based on 
graphene-covered plasmonic gratings exhibiting a very large nonlinear response. The robust 
localization and enhancement of the electric field along the graphene monolayer, combined 
with the large nonlinear conductivity of graphene, can lead to boosted third-harmonic-
generation and four-wave-mixing nonlinear processes at THz frequencies. More interestingly, 
these nonlinear effects exhibit very high nonlinear conversion efficiencies and can be triggered 
by very low input intensities.  
The coherent perfect absorber operation consists the time-reversed analog of a laser, which 
inevitable lead to narrow bandwidth operation. In Chapter 5, we design two ultrathin, 
broadband and tunable THz coherent perfect absorbers based on two kinds of 2D materials, BP 
and graphene, respectively. By using theoretical analysis and numerical simulation, we 
illustrate that broadband coherent perfect absorption (CPA) can be achieved with bifacial BP 
or graphene metasurfaces. Tunable CPA performance is realized by manipulating the doping 
level of the BP or graphene patches. The compactness and subwavelength thin thickness is of 
significant advantage, compared to other CPA devices.  
In Chapter 6, we present some related experimental works and demonstrate that our 
proposed devices can be realized with the current fabrication technology. In Chapter 7, we 
summarize the importance of this work and provide a perspective of possible future research. 
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CHAPTER 2. BROADBAND POLARIZERS BASED ON GRAPHENE 
METASURFACES  
2.1 Chapter introduction 
Polarization is a fundamental property of light. The polarization of light is determined by 
the time course of the direction of the electric-field vector [161]. Polarized light is widely 
applied to many systems in different fields. It is the simplest kind of light and is easier to deal 
with compared to ordinary unpolarized light. Polarizers are the most common optical devices. 
When excited by unpolarized light, they can produce a polarized beam. Depending on whether 
the polarization type is linear, circular, or elliptical, the polarizer is called linear, circular, or 
elliptical polarizer, respectively [162]. A linear polarizer is an element that modifies any 
polarization state to the state of linear polarization. The transmitted or reflected wave is 
polarized linearly in the direction of the polarization axis of the polarizer. One orientation allow 
the passage of only vertically polarized light, while if rotated by 90 degrees it would allow the 
passage of only horizontally polarized light. Halfway in between, for example at 45 degrees 
rotation, it would allow passage of only 45-degree plane-polarized light [163]. A circular 
polarizer consists of two elements. The first is a linear polarizer. The second element is called 
a quarter-wave plate and it is cemented to the back of the linear polarizer with a specific 
orientation such that the light emerging from the quarter-wave plate is circularly polarized, as 
shown in Fig. 2.1 [164].  
Controlling the polarization state of electromagnetic waves is of high practical importance 
to THz communications, imaging, and sensing [165]. It holds great promise to the advancement 
of many fields, such as optoelectronics, analytical chemistry, and biology. In recent years, 
metamaterials have opened up an exciting route for manipulating the polarization of 
electromagnetic waves [166] because of their ultrathin profiles and efficient operation 
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compared to naturally available polarization crystals. In particular, chiral metamaterials 
(CMMs) [167] have been widely used to achieve polarization conversion. It has been 
demonstrated that bilayer CMMs or multilayer CMMs can accomplish high-efficiency 
broadband polarization control [168,169]. However, CMMs usually require complicated 
fabrication processes to be constructed due to their thin thickness and need for precise 
alignment between their different elements. In addition, it is difficult to have a dynamic 
reconfigurable operation and suffer from increased Ohmic losses. 
 
Figure 2.1 Circular polarizer design. Reproduced from [164]. 
 
Metasurfaces [170], the planar counterparts of metamaterials, are destined to have more 
widespread applications because of several intriguing properties, such as lower loss, compact 
size, and higher efficiency. They can provide a large degree of control over the amplitude, 
phase, and polarization of electromagnetic waves. For example, by splitting the incident waves 
into two orthogonal components and obtaining the required phase delay between them, 
metasurfaces can be utilized to manipulate the polarization of electromagnetic waves. To this 
end, plasmonic metasurfaces have been demonstrated to realize ultrathin quarter-wave plates 
[171]. However, these devices cannot be made tunable and broadband and their fabrication is 
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still complicated. 
Alternative metasurfaces based on different materials, such as graphene, need to be 
considered to design easier to implement and broadband ultrathin polarizers. Graphene’s 
outstanding properties made it an excellent material for future electronic and photonic devices 
and lead to novel ways to enhance and control the interaction between light and matter. 
Recently, graphene metasurfaces have been created by patterning a graphene monolayer placed 
on top of an insulator [52,57]. These new types of metasurfaces usually operate at THz 
frequencies, where graphene exhibits strong plasmonic behavior. 
Here, we design new broadband ultrathin linear and circular polarizers with graphene 
metasurfaces. The linear polarizer consists of periodic rectangular graphene patches placed 
over a dielectric substrate and the circular polarizer consists of an array of L-shaped graphene 
patches placed over a dielectric spacer layer backed by a gold substrate. The former will work 
in transmission mode and the latter in reflection mode. Compared to previous works, the 
proposed THz polarizers are simpler to be experimentally verified, they have an ultrathin 
thickness and can work over a wide frequency range and for different angles of the incident 
waves. More importantly, their properties can be dynamically tuned along the entire THz 
frequency spectrum. 
 
2.2 Quarter-wave plate 
The most common types of wave plates are quarter-wave and half-wave plates, where the 
difference of phase delays between the two linear polarization directions is π/2 or π, 
respectively. The action of the quarter-wave is sometimes referred to as twisting or rotating the 
polarized light. Ex and Ey are orthogonal components of E. Their magnitudes are given by 
[162]: 
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  (2.1) 
where θ is the angle between linear polarization and x-axis. For a linearly polarized wave, Ex 
and Ey are in phase with each other. To create a circularly polarized wave, we need to combine 
two equal, orthogonal, linear waves that are 90° apart in phase. By convention, the electric field 
can be described as:  
                                                 cos( ) sin( ),t tω ω= +x yE E E                                          (2.2) 
where ω is the angular frequency of the wave.  The two linear components must be of the same 
magnitude, |Ex|=|Ey| for a particular wave. If Ex and Ey are not equal in magnitude, the result 
is an elliptically polarized wave. Elliptical polarization is the most general case of polarization.  
In general, an elliptically polarized wave will be of the form: 
 cos( ) cos( ),t tω ω δ= + +x yE E E   (2.3) 
Where δ is a phase delay difference between the two linear wave components. The polarization 
will be circular when δ is odd multiple numbers of π/2 and |Ex|=|Ey|. To design a quarter-wave 
plate, we will follow this principle. 
 
2.2.1 Design 
We present a new design of a broadband ultrathin linear-to-circular or elliptical quarter-
wave plate, which is composed of periodical rectangular graphene patches and a dielectric 
layer, as shown in Fig. 2.2.  P represents the periodicity; L1 and L2 represent the length and 
width of the graphene patches, respectively; and t is the thickness of the dielectric substrate. 
We have optimized the geometrical parameters by using COMSOL Multiphysics [172]. When 
we perform simulations, we apply a linearly polarized plane wave with either x or y polarization 
51  
 
 
as an excitation source on the input port. Here, the Fermi level of graphene is equal to 0.95 eV. 
The transmission coefficients are defined as | |( , , )Trans Incij j iT E E i j x y= = , where ( , )
Inc
jE i x y=  is 
the x- or y-polarized incident waves and ( , )TransjE j x y=  is the x or y component of the 
transmitted waves, respectively [133]. We define the phase as arg( )( , , )Trans Incij j iE E i j x yΦ = = . 
The phase difference is calculated by = xx yy∆Φ Φ − Φ  .   
 
Figure 2.2 (a) Schematic of an ultrathin quarter-wave plate metasurface made of an array of rectangular graphene 
patches. (b) Square unit cell of the design with dimensions: P=7.6um, L1=6.5um, L2=5.2um, t=1.5um. 
 
2.2.2 Results and discussion 
 The transmission coefficients and phases of each polarization are reported in Fig. 2.3. The 
phase difference is also plotted with blue line in Fig. 2.3(b). Note that the proposed metasurface 
has a negligible cross-polarization conversion. There is a transmission resonance shift when 
the proposed polarization converter is illuminated by different orthogonal linear polarizations 
aligned along either the x or y directions. These two distinct resonances arise from the 
asymmetry between the length and width of the graphene patches. The bigger is the difference 
between L1 and L2, the larger frequency shift will be obtained for different orthogonal linear 
polarizations. The transmission coefficients of both orthogonal linear polarized incident waves 
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are the same at frequency 4.75THz while the phase difference is exactly 90°, leading to the 
realization of an ultrathin quarter-wave plate. Interestingly, the 90° phase difference can be 
obtained in a broad frequency range, from 4.5THz to 5.3THz, as shown in Fig. 2.3 (b), with 
the drawback of reduced transmission.  
 
Figure 2.3 (a) Transmission coefficients and (b) phase difference for the x- and y-polarized normally incident waves. 
 
From Fig. 2.4 (a), it can be seen that the phase difference of the proposed ultrathin 
polarization converter can be tuned by controlling the Fermi level (doping) of graphene. The 
proposed device can work in a broad frequency range and its operation will blue shift as the 
Fermi level increases. In general, the resonant frequency of periodic rectangular graphene 
patches has been demonstrated to be affected by their length L and the Fermi level FE  
following the relationship r Ff E L∝  [135], consistent with the blueshift obtained in Fig. 
2.4(a). The z component of the electric field distributions at the two resonances are calculated 
and shown in the inset of Fig. 2.4(a). Dipolar resonant modes are excited along the edges of 
the graphene patches with different orientations depending on the polarization of the incident 
wave. Finally, the incident polarization angle is swept from 1° to 89° at the resonance frequency 
(4.75 THz). The amplitude ratio and phase difference between the two orthogonal linear 
polarizations is calculated to verify that the proposed circular or elliptical polarization converter 
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is not sensitive to the incident wave angles. The results are shown in Fig. 2.4(b) and we can 
conclude that elliptical polarized transmitted light can be obtained for all incident angles, since 
always =90∆Φ   and 1xx yyT T ≠ , and circular polarized transmitted light can be obtained when 
the incident polarization angle is 45° and 1xx yyT T = .  Note that the proposed metasurface can 
also have an inverse operation, i.e. circular or elliptical polarized incident light will be 
transformed into linear polarized light with different polarization angles. 
 
Figure 2.4 (a) The calculated phase difference of the circular polarization converter as a function of operating frequency 
and Fermi energy. Insets: the z component of the electric field distribution at the two resonances. (b) Transmission 
amplitude ratio (black) and phase difference (blue) at the 4.75 THz resonance frequency of the proposed quarter-wave 
plate. 
 
2.3 Half-wave plate 
A half-wave plate changes the orientation of linearly polarized light by an angle of 2θ , 
where θ  is the angle between the input polarization and the wave plate’s fast axis. Half-wave 
plates have π radians (or 180°) of retardation. Based on this principle, we can design a half-
wave plate with graphene metasurfaces.  
2.3.1 Design 
In this section, we present a new design of a broadband ultrathin half-wave plate, as shown 
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in Fig. 2.5, which is composed of an array of L-shaped graphene patches placed over a dielectric 
spacer layer backed by a gold substrate to suppress the transmission. Thus, the proposed design 
can convert linear polarized waves to their cross-polarized version in reflection mode. The 
reflection coefficient can be defined as Re| |( , , )flec Incij j iR E E i j x y= =  where ( , )
Inc
iE i x y=  is 
the electric field of the x- or y-polarized incident waves and Re ( , )flecjE j x y=  is the x or y 
component of the reflected waves, respectively. Using full-wave simulations, we calculate the 
co- ( xxR ) and cross-polarization ( xyR ) reflection coefficients when an x-polarized wave is 
incident. Here, the Fermi level of graphene patch is equal to 0.9 eV. The phase difference is 
also defined as = xy xx∆Φ Φ − Φ  .  
 
Figure 2.5 (a) Schematic of an ultrathin half-wave plate made of an array of L-shaped graphene patches. (b) Square unit 
cell of the proposed design with dimensions: P=3.6um, L1=2.4um, L2=1.2um, t=7.5um. 
 
2 . 3 . 2  Results and discussion  
The computed co- and cross-polarizations xxR  and xyR  are shown in Fig. 2.6(a). We find 
that the cross-polarization xyR  is much larger than the co-polarization xxR  in a broad frequency 
range due to critical coupling between the two orthogonally polarized incident waves. In order 
to reveal the efficiency of the proposed cross-polarization converter quantitatively, we define 
the polarization conversion rate (PCR) as 2 2 2| | [| | | | ]xy xx xyPCR R R R= +  [173]. The calculated 
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PCR and phase difference of the L-shaped graphene metasurface is plotted in Fig. 2.6(b). We 
can see that the PCR is always above 70% from 5.09THz to 8.25THz and approaches almost 
1.0 at the two resonance frequencies of 5.4THz and 8THz. At 5.4THz: PCR= 0.975, 0∆Φ =    
and at 8THz: PCR=0.966, 180∆Φ =  , which leads to a dual-band half-wave plate operation in 
these resonance frequencies. Even and odd modes can be excited along the graphene surface 
due to the strong cross-polarization coupling effect, resulted from the changes in phase 
difference at these particular two resonance frequencies. The corresponding normalized electric 
field profiles are presented in the inset of Fig. 2.7(a). 
 
Figure 2.6 (a) Co- (black) and cross- (red) polarized reflection coefficients. (b) PCR and phase difference for the ultrathin 
half-wave plate. 
 
It is very important to examine the angle insensitivity for a cross-polarizer. We calculate 
the PCRs for this L-shaped polarization converter under oblique incident angle illuminations 
ranging from 0° to 60°. The result is shown in Fig. 2.7(a). At the first resonance frequency, the 
PCR is almost invariable to the incident angle, while at the second one, the PCR slightly 
declines as the incident angles increase to values larger than 30°. This can be explained with 
the electric mode excited along the graphene surface. The even mode (left field distribution in 
the inset of Fig. 2.7(a)) has a symmetric field distribution and, as a result, it is relatively 
insensitive to the incident angles. The odd mode (right field distribution in the inset of Fig. 
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2.7(a)) has an asymmetric field profile, which makes it more sensitive to the angles of the 
incident wave. Interestingly, the PCR has values above 0.65 in a wide frequency range for 
incident angles less than 30° that indicates a broadband and angle-insensitive polarization 
converter.  
 
Figure 2.7 (a) Calculated PCR under different incident angle illuminations. Insets: the z component of the normalized 
electric field distribution at the first resonance (even mode) and the second resonance (odd mode). (b) The calculated 
PCR of the cross-polarization graphene metasurface converter as a function of the operation frequency and Fermi level. 
 
To demonstrate the tunability of the proposed ultrathin half-wave plate, we calculate the 
PCR for different graphene Fermi levels.  The results are shown in Fig. 2.7(b). The proposed 
converter works at a broad frequency range and the PCR increases as the Fermi energy is 
increased. This is due to graphene’s more plasmonic (metallic) behavior under higher doping 
levels [174].   Moreover, Fig. 2.7(b) demonstrates that both resonant frequencies blue shift as 
the Fermi energy is increased, similar to the results in Fig. 2.4(a). The quality factor of the 
resonances appears to deteriorate at higher Fermi levels because of the competition from the 
narrowing in graphene’s conductivity due to the increased Fermi level and the broadening in 
the loss function coming from the blue shift of the resonances. In addition, the ellipticity angle 
varies between -10° and 10° at the frequency range of interest and its spectrum (not shown 
here) also blue shifts as the Fermi level is increased. The tunability of the proposed graphene-
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based devices is a major advantage compared to metal-based devices. 
By removing the bottom gold substrate, we can further analyze the proposed cross-
polarization device shown in Fig. 2.5, but now operating in transmission mode. Applying 
reciprocity and electromagnetic boundary conditions in this non-magnetic, passive, and 
ultrathin subwavelength structure, the maximum value of the cross-polarization amplitude can 
be determined by the equation: 2 2| | Re[ ] | | 0xx xx xyT T T− + =  [175], where xxT  is the transmission 
of the co-polarized wave and xyT  is the transmission of the cross-polarized wave. This equation 
leads to the theoretical maximum limit of cross-polarization transmission for this ultrathin 
graphene metasurface. The maximum attainable cross-polarization value is | | 0.5xyT =  when 
| | 0.5xxT = . The computed maximum cross-polarization of the proposed graphene metasurface 
is | | 0.43xyT = , as it is shown in Fig. 2.8, which is slightly lower to the upper theoretical limit 
due to the Ohmic losses of graphene. 
 
Figure 2.8 Co- and cross-polarized transmission coefficients Txx and Txy of the L-shaped graphene polarization converter 
shown in Fig. 2.5 after removing the bottom gold layer. 
 
In order to obtain the currently used doping levels in a potential experimental verification 
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of the proposed graphene metasurfaces, we need to provide appropriate voltage values. The 
Fermi energy used in our previous examples can be achieved by electrostatically gating the 
graphene monolayer with transparent electrodes placed between the graphene and dielectric 
layer. Hence, the applied gate voltages can alter the resistivity and conductivity of graphene. 
In the case of moderately doped graphene, i.e. F BE k T  , the Fermi energy can be obtained 
by the formula F F gE v CV eπ=   [1], where Bk  is the Boltzmann constant, T  is the 
temperature,   is the Planck constant and gV  is the gate voltage between the electrodes. The 
electrostatic capacitance per unit area can be described as 0dC tε ε= , where dε  and t is the 
static permittivity and thickness of the dielectric layer, respectively. For the linear-to-circular 
or elliptical polarization converter with thickness 1500nm, the necessary voltage is 
approximately 114V to achieve Fermi energy equal to 0.95eV. This voltage value is relatively 
low, will not result in the dielectric breakdown, and has been used in previous graphene 
experiments [176]. 
 
2.4 Conclusions 
In this chapter, ultrathin broadband linear-to-circular or elliptical polarizers and cross-
polarization converters have been designed operating at THz frequencies. Compared to 
previous works, the proposed THz polarizers are simpler to be experimentally verified, they 
have an ultrathin thickness and can work over a wide frequency range and for different angles 
of the incident waves. In addition, their properties can be dynamically tuned along the entire 
THz frequency spectrum without changing their geometry and just by electrostatically gating 
graphene. The presented results can lead to new tunable electro-optical devices operating at 
THz frequencies. Owing to their simple, compact, and tunable design, the proposed graphene-
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based broadband polarizers are envisioned to become the building blocks of future integrated 
THz systems. 
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CHAPTER 3. TUNABLE THz AMPLIFIER WITH PHOTOEXITED 
ACTIVE GRAPHENE HYPERBOLIC METAMATERIALS 
3.1 Chapter introduction 
Over the past decade, metamaterial research has attracted a lot of attention because of its 
various applications including imaging, sensing, waveguiding, cloaking, and simulating space-
time phenomena [177–181]. Different classes of metamaterials show exotic electromagnetic 
functionalities like negative index, epsilon-near-zero, bianisotropy, optical magnetism, giant 
chirality, and spatial dispersion among many others [182–189]. A subclass of metamaterials 
called hyperbolic [190] provides a flexible platform for the extreme manipulation of the optical 
landscape. They derive their name from the unique form of their isofrequency curve which is 
hyperbolic instead of circular as in conventional dielectrics. In the visible and near-infrared 
wavelength regions, hyperbolic metamaterials (HMMs) are promising artificial media for 
several new practical applications [191].  
We can consider HMMs as uniaxial metacrystals with an extremely anisotropic dielectric 
tensor,  
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  (3.1) 
where the in-plane isotropic components are xx yyε ε ε= =  , and out of plane component is 
zzε ε⊥=  . The properties of HMMs are best understood by studying the isofrequency surface 
of extraordinary waves in this medium [192]: 
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  (3.2) 
Equation (3.2) represents a hyperboloid when 0ε ε⊥ <  which is an open surface in stark 
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contrast to the closed spherical or elliptical dispersion in an isotropic or anisotropic medium, 
respectively. Such a phenomenon requires the material to behave like metal in one direction 
anddielectric (insulator) in the other. This does not readily occur in nature at optical frequencies 
but can be achieved using metamaterials. The isofrequency surfaces for an isotropic dielectric 
and for type 1 and type 2 HMMs are shown in Fig. 3.1.  
 
Figure 3.1 (a) Spherical isofrequency surface for an isotropic dielectric. (b) Hyperboloid isofrequency surface for a 
uniaxial medium with an extremely anisotropic dielectric response (Type I HMM: ε⊥  < 0; ε  >0) (c) Hyperboloid 
isofrequency surface for an extremely anisotropic uniaxial medium with two negative components of the dielectric 
tensor (Type II HMM: ε

 < 0; ε⊥ > 0). The (b) Type I and (c) Type II metamaterials can support waves with infinitely 
large wavevectors in the effective medium limit. Such waves are evanescent and decay away exponentially in vacuum.  
Reproduced from [193]. 
 
There are many methods to realize hyperbolic media [190]. Layered metal-dielectric 
structures and nanowire arrays with hyperbolic dispersion have been experimentally realized 
across the optical spectrum. In addition, a hybrid structure of nanolayered metal-dielectric 
pyramids has been studied theoretically and experimentally [194,195]; natural graphite is also 
known to exhibit hyperbolic dispersion in the ultraviolet region [196]; a graphene-based 
hyperbolic metamaterial in which the graphene sheets are separated by slabs of the dielectric 
host has been theoretically proposed [197].  
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Here, we propose a compact THz amplifier based on HMMs composed of clustered 
graphene monolayers and dielectric sheets. Owning to graphene’s low density of states, its 
Fermi energy can be readily tuned via electrostatic gating or chemical doping. In the case of 
optically pumped graphene, since the relaxation time of intraband transitions is much shorter 
than the recombination time of electron-hole pairs [198], population inversion can be achieved 
[199,200]. For a sufficiently strong photoexcitation, THz amplification can be obtained due to 
the cascaded optical-phonon emission and the interband transition around the Dirac point. In 
this nonequilibrium scenario, the real part of the dynamic conductivity of graphene becomes 
negative [150,199–205]. The proposed graphene HMM nanostructure supports slow-light 
propagation and a nearly-zero energy velocity at THz frequencies, combined with broad 
frequency tunability. The THz gain of the photoexcited graphene can be boosted in the slow-
wave regime, due to the light trapping effect in the proposed patterned graphene-based HMM 
configuration [206]. The proposed device has an extremely subwavelength thickness, making 
it an ideal candidate to be used as a compact THz source in the envisioned THz on-chip 
integrated photonic circuits. 
 
3.2 Design 
3.2.1 Optically pumped monolayer graphene  
The gapless energy spectrum of electrons and holes in graphene can lead to specific features 
of its transport, plasma, and optical properties [207]. Interband population inversion is expected 
to be achieved under optical pumping resulting in photogeneration of electron-hole pairs. At 
sufficiently strong excitation, the interband stimulated emission of photons can prevail over the 
intraband absorption. In such a case, the real part of the dynamic conductivity of graphene
Re[ ( )]σ ω , becomes negative at some frequencies ω. Owing to the gapless energy spectrum of 
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graphene, Re[ ( )]σ ω  can be negative in the THz range [150,208]. As a result, the lasing of THz 
radiation in graphene may be possible.  
When a graphene monolayer is optically pumped, the electron-hole pairs split the Fermi 
level into two quasi-Fermi levels Fn FE ε=  and Fp FE ε= − , respectively, as shown in Fig. 
3.2(a). In this case, the dynamic conductivity of graphene can be modeled by using the 
nonequilibrium Green’s functions described by [209]: 
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, q  is the electron charge, ε  is the 
energy,   is the reduced Planck’s constant, Bk  is the Boltzmann constant, T  is the 
temperature, ω  is the angular frequency, and τ  is the relaxation time of charge carriers. The 
first term of the formula represents the contribution of the intraband transition and the second 
part represents the contribution of the interband transition. Without optical excitation, a 
graphene layer can be modeled by the local surface conductivity formula [125,210]: 
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where ( ) ( ) 1( ) [ 1]F BE k TDf e
εε − −= +  is the Fermi-Dirac distribution, and FE  is the Fermi energy or 
doping level in the passive graphene case. The calculated frequency dispersion of the real-part 
conductivity Re[ ]σ  for a graphene monolayer with and without optical pumping is 
demonstrated in Fig. 3.2(b) at a temperature of 77 K. Negative real conductivity over a broad 
frequency range is obtained when the graphene monolayer is pumped with a quasi-Fermi level 
of 50 meV. On the other hand, the unpumped (passive) graphene monolayer exhibits positive 
real conductivity at the same temperature and frequency range, as shown with a solid blue line 
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in Fig. 3.2(b). Reducing the temperature can increase the absolute value of the negative real 
conductivity in the pumped case, and vice versa. The negative conductivity and the effect of 
THz gain disappear at high temperatures. The reflectance and transmittance of both pumped 
and unpumped cases of monolayer graphene are plotted in Fig. 3.2(c). They are found to have 
almost identical values with unitary transmission and low reflection along a broad frequency 
range. This is because a single graphene monolayer does not interact strongly with the incident   
THz radiation, even if it is photoexcited, mainly due to its ultrathin thickness. 
 
Figure 3.2 (a) Schematic of the THz gain coherent response by an optically pumped graphene monolayer. (b) Frequency 
dispersion of the real and imaginary parts of the graphene conductivity with (pumped) and without (passive) optical 
photoexcitation. Inset: Schematic of the optically pumped graphene process. (c) Computed reflectance and 
transmittance in dB versus frequency for a graphene monolayer with (pumped) and without (passive) optical 
photoexcitation under normal incident TM polarized wave excitation. 
 
3.2.2 Multilayer hyperbolic metamaterials 
In order to increase the light-matter interaction, we investigate a multilayer HMM 
composed of clustered graphene monolayers and dielectric sheets, schematically depicted in 
the inset of Fig. 3.2(a). By applying the effective medium approximations (EMA) theory, this 
structure can be modeled as an anisotropic uniaxial medium, whose effective relative 
permittivity effε  can be expressed in a tensor form: ˆ ˆ ˆ ˆ ˆˆ( )eff t zxx yy zzε ε ε= + +  [190]. The 
transverse relative permittivity tε  is given by: 
0
' ''t t t dj j d
σε ε ε ε
ωε
= − = −  [125,211], where 
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dε  and d are the permittivity and thickness of each dielectric layer, respectively, and σ  is the 
conductivity of graphene given by Eq. (3.3). The longitudinal relative permittivity zε  is equal 
to dε  since graphene has negligible thickness compared to the dielectric layers. For both active 
and passive graphene monolayers, the hyperbolic dispersion is obtained at certain frequencies, 
where the real part of the transverse effective permittivity 'tε  is negative, while zε  is always 
positive. Note that only transverse magnetic (TM) polarized waves can exhibit hyperbolic 
dispersion, as reported in [125]. 
Figures 3.3(a,b) represent the real and imaginary parts of the effective transverse relative 
permittivity, respectively, for the THz HMM made of graphene, shown in the inset of Fig. 
3.3(a), with 2.2dε =  and 0.1d = µm. Since graphene is transparent to the near-IR and visible 
pump waves, without loss of generality, we assume that each graphene monolayer is uniformly 
photodoped to have the same quasi-Fermi level. Figure 3.3(b) shows that the photopumped 
graphene-based HMM has a negative imaginary part of the effective transverse relative 
permittivity ''tε  (gain) over a broad frequency range, where 'tε  and zε  have opposite signs 
(i.e., hyperbolic dispersion). Figure 3.3(c) presents the simulated transmittance (dashed lines) 
and reflectance (solid lines) for the graphene-based HMM, composed of 10 graphene sheets 
separated by 0.1 µm-thick silica ( 2.2dε = ). Low transmittance is obtained in the hyperbolic-
dispersion region for both passive (e.g., for frequencies < 8.1 THz) and active (for frequencies 
< 11.2 THz) graphene HMMs. On the contrary, high transmittance is obtained in the elliptical-
dispersion region for both cases. It is evident from Fig. 3.3(c) that the active graphene HMM 
can exhibit a transmittance greater than one or, effectively, negative absorptance, also known 
as gain. Nonetheless, the THz gain response of this device is still rather weak, although stronger 
compared to the interaction in the case of monolayer graphene, as was shown in Fig. 3.2(c). To 
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significantly enhance the THz lasing effect of graphene, in the following we investigate a 
patterned graphene-based HMM configuration. 
 
Figure 3.3 (a) Real and (b) imaginary parts of the effective transverse relative permittivity t t tjε ε ε′ ′′= −  of the pumped 
and unpumped graphene HMM multilayer structure with a schematic shown in the inset. The graphene layers are 
separated by dielectric slabs with equal thicknesses d and permittivity dε . (c) Computed reflectance and transmittance 
in dB versus frequency of the HMM structure based on active (pumped) and passive graphene layers under normal 
incident TM polarized wave excitation.  
 
3.2.3 Patterned hyperbolic metamaterials 
We study a patterned graphene-based HMM with schematic shown in Fig. 3.4(a), which 
supports slow-wave modes in the THz region. Slowing light may promote stronger light-matter 
interaction along the HMM and, as a result, boost the amplification of THz waves. The 
proposed slow-wave HMM structure is built by a periodic array of air-HMM-air waveguides. 
The dispersion relationship between angular frequency ω  and the propagation constant β  is 
derived by using the transverse resonance method [212] with suitable periodic boundary 
conditions. After some mathematical manipulations, it is given by the formula:  
 ''tan[ ' ] tanh[ '' ] 0,
2 ' 2z
P W k Wk k
k
ε− − =   (3.5) 
where 2 20' ( )zk k ε ε ε β= − z t , 
2 2
0''k kβ= − , and 0k  is the free-space wavenumber. It is 
noteworthy that zε and tε are the effective longitudinal and transverse permittivity of the 
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multilayered structure after being modeled as a homogeneous uniaxial anisotropic medium by 
applying the EMA theory. The dispersion diagram of the proposed structure is plotted in Fig. 
3.4(b), showing that the slow-light effect can be achieved, with a near-zero group velocity (i.e., 
/ 0gυ ω β= ∂ ∂ ≈ ) at the design frequency ( 7.5 THzf ≈ ). In this scenario, the incident 
electromagnetic radiation can be efficiently trapped and amplified by the proposed THz active 
plasmonic structure, resulting in a strong THz lasing effect. It is worth mentioning that the 
frequency of the near-zero group velocity can be tuned by several factors, including: (i) the 
quasi-Fermi level of graphene, (ii) the geometry of the HMM (e.g. periodicity, trench width, 
and insulator thickness), and (iii) the dielectric material that constitutes the HMM. In addition, 
it is interesting that the thickness of the proposed THz lasing device, which is composed of 
only 10 patterned graphene sheets stacked between dielectric layers (Fig. 3.4(a)), is extremely 
subwavelength 1 10 1 um 30d t λ= × = ≈ , where t = 0.1 µm. This is another major advantage of 
the proposed device towards its integration in THz on-chip circuits.  
 
Figure 3.4 (a) The proposed patterned HMM structure composed of N = 10 patterned graphene sheets stacked between 
dielectric layers. P is the period of the device, W is the width of the air slots, and t is the thickness of each dielectric 
spacer layer. (b) Dispersion diagram of the proposed structure. In this case, the dimension parameters are P =1.9 µm, 
W = 0.5 µm, t = 0.1 µm and the quasi-Fermi level of the pumped graphene is 50 meV.  
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3.3 Results and discussion 
3.3.1 Theoretical analysis 
Analytical results, computed by using the transmission line model [213] shown in Fig. 
3.6(a), are demonstrated in Figs. 3.5(a) and (b), where the reflectance and transmittance, 
respectively, are plotted versus the frequency of the proposed patterned graphene HMM and 
different quasi-Fermi levels. We find that large forward and backward scattering can be 
obtained at the lasing point, which coincides with the zero-velocity point. For instance, if the 
quasi-Fermi level of each graphene is pumped to 50 meV, the lasing peak is obtained at 7.5 
THz, agreeing very well with the results presented in Fig. 3.4(b). It is interesting to note that 
the lasing peak can be tuned over a wide range of frequencies by varying the quasi-Fermi level 
of graphene, which can be readily achieved by controlling the intensity of IR or visible pump 
light. The maximum THz output power is obtained at 5.34 THz, as seen in Fig. 3.5. This can 
be explained by using the transmission line model [213] shown in Fig. 3.6(a). The input 
impedance inZ  at the air/HMM interface is given by: 
 0 1 11
1 0 1
tan( ) ,
tan( )in
Z iZ dZ Z
Z iZ d
β
β
+
=
+
  (3.6) 
where 1 0( / ) ( )Z P Wβ ωε= × −  and 1 10 1μmd t= × =  are the characteristic impedance and 
total thickness of HMM, respectively, and the impedance of the surrounding free space is 
0 0 0/Z Pµ ε= . The reflectance R and transmittance T are computed by:  
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0
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2 .
in
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in
in
Z ZR
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Z Z
−
=
+
=
+
  (3.7) 
It can be derived from Eq. (3.7) that if 0inZ Z= − , the transmittance and reflectance of the 
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structure become infinity, provided that the effects of nonlinearity and saturated gain in 
graphene are negligible. This is clearly depicted in Fig. 3.6(b), where at the frequency point of 
5.34 THz and for 27 meVFε = , the optimum lasing condition can be achieved, i.e., 
0Re[ ]inZ Z= −  and Im[ ] 0inZ = . 
 
Figure 3.5 (a) Reflectance and (b) transmittance in dB computed as a function of the incident frequency and quasi-Fermi 
level of the THz slow-wave HMM graphene structure shown in Fig. 3.4(a) with geometrical parameters P = 1.9 µm, W 
= 0.5 µm, and t = 0.1 µm.  
 
We also use the transfer matrix method to analyze the presented lasing phenomenon. The 
transfer matrix that connects the fields between the output and input waves is defined as 
i oE M E= , where the subscripts ‘o’ and ‘i’ refer to the electric fields at the output and input 
surfaces, respectively. The relationship between the elements of the transfer and scattering 
matrices is described by [214]: 11 21 22 11 12/ ,M S S S S= −  12 22 12/ ,M S S=  21 11 12/ ,M S S= −  
22 121/ .M S=  If the ports 1 and 2 are defined as the excitation and output ports, respectively, 
21S  and 11S  represent the transmission and reflection coefficients of the proposed structure. 
Note that 21 12S S=  and 11 22S S=  since the current configuration is symmetric and reciprocal. 
Figure 3.6(c) clearly demonstrates that 22 0M =  at 5.34 THz, which means that the 
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transmission is very high at this frequency point.  
 
Figure 3.6 (a) Transmission line model used to analyze the structure shown in Fig. 3.4(a). The source impedance is 
0SZ Z= , where 0Z  is the free space impedance, inZ  is the input impedance, 1Z  is the characteristic impedance of 
the proposed HMM structure, β  is the effective propagation constant, and 1d  is the total thickness of the proposed 
device. (b) Real and imaginary parts of the input impedance computed by the transmission line model. (c) Computed 
absolute values of the transfer matrix elements 11M  and 22M . In all these cases, the quasi-Fermi level is fixed to 27 
meV leading to the lasing point shown in Fig. 3.5. 
 
3.3.2 Simulation results 
To verify our analytical results, we calculate the gain response of the proposed structure by 
using COMSOL Multiphysics [172], a finite element method (FEM)-based commercial 
software that solves Maxwell’s equations and computes the reflection and transmission 
coefficients. Graphene is modeled as a surface current during all our simulations, instead of a 
bulk permittivity, because this a more accurate and less computationally intensive way to 
simulate 2D ultrathin materials. The gain coefficient is calculated from the reflectance and 
transmittance by using the formula: 2 211 211 | | | |Gain S S= − − . Note that this formula can be 
used to compute either gain 2 211 21(| | | | 1)S S+ >  or absorptance 
2 2
11 21(| | | | 1)S S+ ≤  responses 
and always 1Gain ≤ . Figure 3.7(a) demonstrates the comparison of the computed gain 
coefficient obtained by simulations (black dashed line) and the presented in the previous 
section analytical transmission line method (red solid line) when the quasi-Fermi level is fixed 
71  
 
 
to 50 meV and for the same patterned HMM configuration. The results match very well and 
the minor resonance frequency shift between the two modeling methods is attributed to the 
usual limitations of the numerical modeling method due to the used finite-size mesh. An 
excellent agreement exists between the frequency point where the maximum gain is obtained 
in Fig. 3.7(a) and the near-zero group velocity frequency range demonstrated before by the 
dispersion diagram in Fig. 3.3(b). To further analytically demonstrate and verify the obtained 
lasing effect, we plot the 22M  coefficient versus the incident frequency and quasi-Fermi level, 
as shown in Fig. 3.7(b), where the used parameters are the same as the results presented in Fig. 
3.7(a). We find that 22M  takes close to zero values for a 50 meV quasi-Fermi level, exactly 
at the gain resonance frequency shown in Fig. 3.7(a). Interestingly, 22M  has close to zero 
values across a broad frequency range, demonstrating the tunable response of the proposed 
device that can lead to THz lasing performance in a broad frequency range. The lasing response 
demonstrated by the computed 22M  coefficient agrees very well with the transmittance 
spectrum shown before in Fig. 3.5(b), as it is expected. 
 
Figure 3.7 (a) Simulation and analytical results of the computed gain coefficient in dB of the proposed slow-wave 
graphene HMM structure. (b) The absolute value of the 22M  coefficient as a function of the incident frequency and 
quasi-Fermi level. In both captions, the dimension parameters are fixed to P = 1.9 µm, W = 0.5 µm, t = 0.1 µm. The 
quasi-Fermi level of the pumped graphene is fixed to 50 meV in the caption (a). 
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Figures 3.8(a, b) prove that the period and width of the graphene sheets and air slots, 
respectively, have distinct effects on the amplification of the THz waves. We choose to present 
the gain in dB scale in order to clearly see the gain peak and the lasing frequency shift 
influenced by the geometrical structure parameters. We fix the graphene quasi-Fermi level to 
50 meV and the air width to 0.5um and a dominant gain peak is reported in Fig. 3.7(a) for P = 
2.1 µm. This can also be explained by the lasing relationship between input impedance and 
free space impedance obtained by the transmission line model, demonstrated before in section 
3.3.1. Similarly, the gain reaches a peak for the air slot width value W = 0.5 µm when the period 
is fixed to P = 2.1 µm and the result can be seen in Fig. 3.8(b). Strong frequency shift in the 
resonant THz lasing response of the proposed structure is obtained when its geometrical 
parameters vary. Finally, we have checked that the proposed structure will also exhibit lasing 
in a more practical scenario, when it is surrounded by a dielectric substrate and superstrate (see 
more details in subsequent section 3.4). 
 
Figure 3.8 Contour plots of the gain in dB scale as a function of the (a) period, (b) air width, and (c) quasi-Fermi level 
versus the frequency of the incoming THz radiation. The graphene quasi-Fermi level is fixed to 50 meV in captions (a) 
and (b). The air width is fixed to W = 0.5 µm in caption (a). The period is fixed to P = 2.1 µm in caption (b). The 
parameters of the slow-wave graphene HMM structure are fixed to P = 1.9 µm, W = 0.5 µm in caption (c).  
 
Note that tunable THz lasing can interestingly be achieved without changing the geometry 
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of the proposed device and only by modulating the optical pump intensity applied to graphene. 
The calculated gain coefficient of the currently proposed THz device versus the frequency and 
quasi-Fermi level is reported in Fig. 3.8(c). The gain is found to be enhanced as the quasi-Fermi 
level is increased. As discussed in section 3.2.1, the conductivity of the pumped graphene has 
a strong dependence on its quasi-Fermi level, which determines the electron and hole 
concentrations. Thus, higher quasi-Fermi level values are translated to stronger population 
inversion (or lasing) considering that the relaxation time of intraband transitions is always 
faster than the recombination time of the electron-hole pairs along the pumped graphene 
monolayers [215]. This leads to more negative graphene conductivity values (larger gain) and 
is the main reason behind the computed higher gain obtained due to larger quasi-Fermi level 
values. In addition, the lasing operation frequency blueshifts as the quasi-Fermi level increases, 
which is also reported in Fig. 3.8(c), leading to tunable THz lasing. Lastly, it is interesting to 
note that the proposed lasing effect is temperature-dependent, similar to other THz lasing 
schemes [216]. The simulation and analytical studies in this section are always performed under 
a fixed temperature, equal to T = 77 K, because higher temperatures will lead to larger losses 
and lower gain values. Note that the duration and strength of the presented graphene-based 
THz gain can be extended and improved, respectively, if AB-stacked bilayer graphene 
[217,218] is used instead of the current graphene monolayers, which was recently found that it 
can suppress nonradiative Auger carrier recombination rates due to its larger electronic gap 
[219–221]. Note that the Auger recombination events pose the main limit to the THz gain 
duration and strength [215,222,223]. Finally, we would like to stress that even the currently 
presented lasing with femtosecond duration obtained in THz frequencies can be interesting to 
several applications (for example, sensing).  
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3.4 Sensing applications 
Graphene is an ideal material for electrochemical sensing and biosensing since it has large 
surface-to-volume ratio, excellent electrical conductivity, high carrier mobility, and many other 
unique properties. As an example, graphene-based highly sensitive chemical and biological 
sensors have been used to diagnose several diseases [224,225]. The proposed graphene-HMM 
structure has great prospects to be used for ultrasensitive sensing applications. The envisioned 
sensor is composed of a patterned layered graphene-dielectric configuration (10 graphene 
layers), similar to the currently proposed active slow-wave HMM device, but now embedded 
in different dielectric materials located at the surrounding space. The schematic of the proposed 
sensor is presented in the inset of Fig. 3.9(a). Strong THz amplification and slow-light 
electromagnetic mode confinement can also be realized with this configuration, similar to the 
results presented in the previous sections. The gain response of such active structure is expected 
to be ultrasensitive to the surrounding medium. From Fig. 3.9(a), it is clearly demonstrated that 
the loading of different surrounding dielectric materials will lead to a substantial redshift in the 
THz resonant frequency of the lasing mode. The proposed device is expected to accurately 
sense various materials with different permittivity values by observing the shift in its resonant 
frequency. Moreover, we placed a very thin dielectric layer above the active structure to mimic 
a layer of biomolecules, as shown in the inset of Fig. 3.9(b). Here, the thickness of the dielectric 
layer is set to be 100 nm. We find that there is a slight shift to the lasing frequency when we 
change the relative dielectric constant of this thin layer from 1 to 4, as it can be seen in Fig. 
3.9(b). However, we would like to stress that the gap between the patterned graphene-based 
HMM waveguides is relatively large (W = 0.5 µm) and it is not sure if the biomolecules will 
stay on top of the proposed structure, hence, the sensing set-up presented in Fig. 3.9(a) is more 
practical. In any case, there is going to be some shift in the resonance frequency of the proposed 
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new sensor design independent of the molecules placement. 
 
 Figure 3.9 The lasing frequency as a function of the dielectric constant for the proposed active graphene-based HMM 
structure (a) embedded in different dielectric materials, and (b) covered with a very thin dielectric layer. Insets: The 
corresponding schematics of the proposed graphene-based HMM sensor.  
 
3.5 Conclusions 
To conclude, a lasing graphene HMM device is proposed based on patterned photopumped 
graphene-dielectric multilayers. The device is both analytically and numerically investigated. 
Excellent agreement is found between the results produced by both modeling methods. It is 
presented that super scattering or coherent lasing emission can occur in the THz frequency 
range due to the proposed patterned graphene-based HMM device. In addition, the geometrical 
parameters and quasi-Fermi levels of the presented graphene HMM can strongly affect the THz 
lasing operation frequency. More interestingly, tunable THz amplification in a broad frequency 
range is achieved by controlling the optical pumping, without changing the proposed HMM 
structure dimensions and geometry. The presented device has an extremely subwavelength 
thickness, making it an ideal candidate to be used as a compact THz source in the envisioned 
THz on-chip integrated photonic circuits. Finally, we present an interesting THz sensing 
application based on the proposed active graphene-based HMM device, by demonstrating that 
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the lasing frequency of such a structure is ultrasensitive to the dielectric constant values of 
different surrounding media. 
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CHAPTER 4. ENHANCED NONLINEAR EFFECTS WITH 
GRAPHENE-PLASMONIC GRATINGS 
4.1  Chapter introduction 
When graphene is excited by THz radiation, surface plasmons are formed along its surface 
[51]. This is a property of paramount interest for graphene-based devices to be used in the 
envisioned integrated THz plasmonic systems [226]. More importantly, graphene’s 
conductivity can be dynamically controlled and tuned by electrostatic doping, usually by using 
a gating voltage configuration [50]. The tunable and reconfigurable functionalities of graphene 
have recently been widely investigated to design different adaptive graphene-based THz 
devices, such as polarizers, cloaks, phase shifters, optical modulators and absorbers 
[120,148,227–229]. To enhance the absorption of graphene, we can pattern doped graphene 
monolayers into periodic nanodisks, combining graphene with insulating layers, or integrating 
graphene with microcavities [57,121,122]. 
 
4.1.1 Introduction to nonlinear optics 
Nonlinear optical phenomena occur when the response of a material system to an applied 
optical field depends on the strength of the optical field in a nonlinear manner. The polarization 
P depends linearly on the electric field strength E in a manner that can be described by the 
relationship [230]: 
 (1)0 ,P Eε χ=   (4.1) 
where the constant of proportionality χ(1) is known as the linear susceptibility and 0ε  is the 
permittivity of free space. The polarization is proportional to the electric field and the material 
response is linear in analogy to the Hooke’s law. When the restoring force behaves like an 
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anharmonic oscillator, the polarization is no longer linearly proportional to the electric field 
and the system becomes nonlinear. In this case, the optical response can be described by 
generalizing Eq. (4.1) and expressing the polarization P as a power series of the field strength 
E as:  
 (1) (2) 2 (3) 30 0 0 ,P E E Eε χ ε χ ε χ= + + +      (4.2) 
where χ(2) and χ(3) are the second- and third-order nonlinear optical susceptibilities, respectively. 
Note that χ(2)  vanishes for media with inversion symmetry, but third-order nonlinear optical 
interactions can occur for both centrosymmetric and noncentrosymmetric media [230]. A time-
varying polarization can act as the source of new components of the electromagnetic field. The 
wave equation in nonlinear optical media takes the form: 
 
22 2
2
2 2 2 2
0
1 ,NLPn EE
c t c tε
∂∂
∇ − =
∂ ∂
  (4.3) 
where n is the linear refractive index and c is the speed of light in vacuum. From this equation, 
it can be interpreted that the polarization PNL associated with the nonlinear response drives the 
electric field E. It becomes the source of a different wave propagating with a different 
frequency.  
 
4.1.2 Third-harmonic generation 
From Eq. (4.2), the third-order contribution of the nonlinear polarization can be expressed 
as: 
 (3) (3) 30 .P Eε χ=   (4.4) 
This expression can be very complicated in the general case where E consists of several 
different frequency components. Here, we consider only the simplest case in which the applied 
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field is monochromatic and is given by:  
 cos( ).E tω= Α   (4.5) 
Then by using 3 1 3cos ( ) cos(3 ) cos( )
4 4
t t tω ω ω= + , the nonlinear polarization can be 
described as:  
 (3) 3 (3) 30 0
1 3cos(3 ) cos( ).
4 4
P A t A tε χ ω ε χ ω= +   (4.6) 
The first term in Eq. (4.6) describes a response at a frequency 3ω that is created by an 
applied field at frequency ω, which leads to the process of third-harmonic generation (THG). 
The significant advantage of THG compared to other nonlinear processes is that it can be 
achieved by using a single-wavelength source. This nonlinear process can be used to realize 
higher transverse resolution for nonlinear imaging and microscopy techniques [231] and 
improved sensing [232]. THG has also been reported to be generated by graphene and few-
layer graphite films but with relatively low efficiency despite the large nonlinear graphene 
susceptibility [233,234]. Four-wave mixing (FWM) is another interesting third-order nonlinear 
process that has found a plethora of applications in nonlinear imaging, wavelength conversion, 
optical switching, and phase-sensitive amplification [235–239].  
 
4.1.3 Four-wave mixing 
Consider an electric field consisting of three optical waves incident on a medium: 
 1 1 2 2 3 3( ) Re{ ( )exp( )} Re{ ( )exp( )} Re{ ( )exp( )}.E t E j t E j t E j tω ω ω ω ω ω= + +   (4.7) 
There will be numerous components in the nonlinear polarization induced in the medium: 
 (3)
, , 1, 2, 3
1( ) ( ) ( ) ( ) exp[ ( ) ].
8NL q r t q r lq r l
P t E E E j tχ ω ω ω ω ω ω
=± ± ±
= + +∑   (4.8) 
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The degenerate pumped difference frequency four-wave mixing is particularly interesting to 
the results of this thesis: 
 (3) 21 2 1 2(2 ) 3 ( ) ( ).NLP E Eω ω χ ω ω
∗− =   (4.9) 
Different to THG, during the process of FWM, two pump 1ω  and one probe 2ω  photons 
are absorbed and mixed at the nonlinear medium and a photon at 1 22FWMω ω ω= −  is generated 
and re-emitted. The FWM efficiency strongly depends on the field enhancement at the input 
pump and probe frequencies and proper phase matching conditions [240]. 
 
4.1.4 Nonlinear effects based on graphene 
Graphene has been found to possess strong nonlinear electromagnetic properties [42,241]. 
The second-order nonlinear response of a graphene monolayer usually vanishes within the 
dipole approximation [242], since graphene has centrosymmetric properties. However, 
graphene has been experimentally demonstrated to possess a remarkably strong third-order 
nonlinear susceptibility (3)χ  at THz frequencies [43]. The strong third-order nonlinear 
response originates from the intraband electron transitions [36], as well as the resonant nature 
of the light-graphene interactions. Both of these effects are dominant under THz radiation 
illumination. Specifically, the Kerr nonlinear susceptibility of graphene was found to reach 
high values ( 15 2 21.4 10 /m V−× ) in recent experiments [44]. 
The field enhancement along graphene and other 2D materials is usually very weak due to 
the poor coupling of the incident electromagnetic radiation to these ultrathin media. However, 
the phase-matching condition can be relaxed in the case of 2D materials, since they are 
extremely thin and phase cannot be accumulated along their thickness in contrast to 
conventional bulk nonlinear materials. The increase in the nonlinear efficiency of 2D materials 
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still remains elusive and is subject of intense on-going research [243,244]. 
Usually, very high input intensities are required to excite third-order nonlinear effects from 
ultrathin nonlinear materials due to their extremely weak nature leading to very poor nonlinear 
efficiency [245]. This detrimental effect is particularly acute at THz frequencies, since high 
input power THz sources do not exist [246]. The use of different plasmonic configurations has 
been demonstrated to efficiently boost optical nonlinear effects mainly due to the enhanced 
local electric fields and relaxed phase matching conditions at the nanoscale [247,248]. 
Plasmonic effects can indeed lead to enhanced effective nonlinear susceptibilities based on 
different configurations which are composed of materials with weak intrinsic nonlinear 
properties. Yet, the plasmonic boosting of nonlinear effects has been mainly achieved in the 
infrared and visible spectrum and the enhancement of nonlinearities at THz frequencies still 
remains limited. 
 
4.2  Design 
The geometry of the proposed hybrid graphene-covered metallic grating is illustrated in 
Fig. 4.1(a). The grating is periodic in the x-direction with period p and is assumed to be 
extended to infinity in the y-direction. It is made of gold (Au) with THz optical constants 
calculated by using the Drude model: 2, ( )L Au pf f f iε ε γ∞= − − , where 2069pf THz= , 
17.65THzγ =  and 1.53ε∞ =  are derived from fitting the experimental values [249]. The height 
and trench width of the grating is equal to d and b, respectively. The ground plane is thick 
enough to be considered opaque to the impinging THz radiation leading to zero transmission. 
During our theoretical analysis, we initially assume the metallic grating to be made of a perfect 
electric conductor (PEC), which is a good approximation since the electromagnetic fields 
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minimally penetrate metals at THz frequencies [250]. The grating is covered by a graphene 
monolayer sheet with doping or Fermi level FE . Intraband transitions dominate the graphene 
response in the THz frequency range and the linear conductivity of graphene can be expressed 
by using the Drude formalism: 
2
2 1
F
g
e E j
j
σ
π τ ω−
=
−
 [60], where e is the electron charge,   is 
the reduced Planck’s constant, 2 fω π=  is the angular frequency, and τ  is the relaxation time 
[129], which is assumed to be equal to 1310 sτ −=  throughout this chapter. The relaxation time 
can be affected by many factors, such as temperature, Fermi level (doping), external field, 
graphene sample quality, and the substrate material used [251–254]. 
 
Figure 4.1 (a) Schematic of the hybrid graphene-covered gold grating. (b) Analytically (black line) and numerically 
(blue line) computed absorptance spectra of the proposed hybrid grating. The absorptance of the metallic grating without 
graphene on top is also plotted with the green line. The results are obtained for grating parameters p=10um, b=0.6um, 
d=10um. The graphene’s Fermi level FE  is equal to 0.3 eV. The left inset shows the equivalent circuit model used to 
theoretically analyze the proposed structure. The right inset represents the computed electric field enhancement 
distribution at the resonant frequency of the hybrid grating.  
 
4.3 Results and discussion 
4.3.1 Perfect absorption of THz radiation 
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The proposed structure is illuminated by a TM polarized wave (the magnetic field in the y-
direction) with an incident angle θ with respect to the z-direction. The inset on the left side of 
Fig. 4.1(b) shows the equivalent circuit [255] used to analytically model one unit cell of the 
graphene-covered grating with 1 0 0/Y n kωε=  and 2 0 0/ ( )Y n k p bωε=  being the corresponding 
characteristic admittances of the surrounding air and grating trench regions, respectively. In 
these formulas, n is the refractive index of air around the grating and inside the grating trench 
and k0 is the free space wavenumber. The graphene sheet is modeled as an additional shunt 
admittance SY  in the equivalent circuit model that can be calculated by the simple formula: 
( / )S gY p bσ= . The reflection coefficient is computed by applying the transmission line theory 
[256] to the proposed THz equivalent circuit model and is equal to: 1 2
1 2
[ cot( )]
[ cot( )]
S
S
Y Y jY d
Y Y jY d
β
β
− −
Γ =
+ −
 
[257], where β  is the propagation constant in the grating trench region. The absorptance can 
be computed by the relationship 21A = − Γ  [122], since in the current grating configuration 
the transmission is equal to zero. Alternatively, the total reflected power density from the 
hybrid grating can be used to compute the absorptance by using the formula: absorptance = 1- 
(reflected power/incident power), which will lead to similar results. The absorptance versus the 
frequency, computed by using the proposed transmission line model, is plotted in Fig. 4.1(b) 
(black line) at normal incident illumination (θ = 0º) for a grating with dimensions p=10um, 
b=0.6um, d=10um loaded with graphene on top with Fermi level 0.3eV. Note that the trench 
width b is much smaller than the period p in all our designs and the graphene can be placed 
over the grating without being bent at the corrugations. 
In order to verify the accuracy of the presented equivalent circuit model, we also compute 
the response of the proposed structure by using numerical simulations based on COMSOL 
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Multiphysics [Appendix A1]. The structure is again assumed to be infinite along the y-direction 
in the numerical modeling case, as shown in Fig. 4.1(a), and is modeled as a 2D system to 
accelerate the calculations [Appendix A3]. Periodic boundary conditions are employed in the 
x-direction and port boundaries are placed in the z-direction to create the incident plane wave. 
Graphene is modeled as a surface current, due to its planar (2D) nature, described as J = σg E 
where E is the electric field along its surface and σg is the linear graphene conductivity given 
before by the Drude model.  
The computed absorptance based on both theoretical and numerical methods is shown in 
Fig. 4.1(b) with black and blue lines, respectively, and are found to be in good agreement. The 
small frequency shift between the theoretical and simulation results can be attributed to the 
approximation of gold with PEC in the theoretical model, as well as to the used finite-size mesh 
during the full-wave modeling. However, both results are very similar and one pronounced 
perfect absorptance peak is demonstrated in Fig 4.1(b) at the resonance of the hybrid grating. 
At this resonant point, a magnetic spoof plasmon mode is formed due to the generation of 
highly localized magnetic fields inside the grating’s trench accompanied by high electric fields 
that are expected to boost nonlinearities [258]. The electric field enhancement distribution 
along the structure at the resonant frequency is demonstrated by the right inset in Fig. 4.1(b) 
which is computed by calculating the ratio | E/E0 |, where E0 represents the amplitude of the 
incident electric field. Interestingly, the electric field can be enhanced by approximately 
nineteen times inside the grating’s trench and, more importantly, along its surface, where 
graphene will be deposited. The obtained perfect absorption indicates a strong coupling and 
interference between the THz plasmons of graphene and metallic grating. In addition, we 
calculate the absorptance of a plain metallic grating (i.e., without graphene on top of it) by 
using the same numerical method. The result is shown by the green line in Fig. 4.1(b). It is 
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interesting that a substantial frequency blueshift is obtained when graphene is introduced over 
the grating. The addition of graphene will also lead to dynamic tunability in the absorption 
resonant frequency, as will be demonstrated later. When the polarization of the incident wave 
is switched and the magnetic field is oriented along the length of the grating (transverse electric 
(TE) polarization), no resonance is observed since both the graphene and metallic grating 
cannot support TE plasmons and, as a result, cannot couple to the incident TE radiation. We 
also verified that the absorbance of a flat gold substrate with and without graphene on top is 
very low because there is no plasmon formation along the flat interface [Appendix A4].  
Next, we investigate the effect of the grating’s geometry to the calculated perfect absorption 
of the proposed hybrid graphene grating. Throughout this chapter and only if otherwise 
specified after this point, we always assume the following realistic graphene parameters: EF = 
0.1 eV, τ = 10-13 s and the following practical to realize grating microscale dimensions: p=8um, 
d=8um, and b=0.6um. Figure 4.2(a) displays a contour plot of the computed absorptance for 
TM polarized plane waves impinging at normal incidence as a function of the frequency and 
period, where the grating’s dimensions d=8um and b=0.6um have fixed values. Clearly, the 
absorptance remains strong as we vary the period p from 5um to 25um, indicating a strong 
coupling between grating and graphene plasmons independent of the periodicity. We have also 
verified that higher-order diffraction modes or surface waves are not excited by the proposed 
grating if the incident wave has frequencies in the currently used range of 6-12 THz. The 
resonant frequency of the perfect absorptance is slightly affected by the period and the 
bandwidth of the resonance peak is decreased as the period is increased. Interestingly, the 
resonant frequency of the perfect absorption is found to be more sensitive to the height of the 
grating. It is decreased as the grating height is increased, as illustrated in Fig. 4.2(b), where the 
computed absorptance is plotted as a function of the frequency and grating height. Thus, it is 
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possible to tune the perfect absorption to different frequencies by modulating the grating 
geometry. 
 
Figure 4.2 Computed absorptance contour plots of the graphene-covered grating as a function of the frequency and (a) 
period p and (b) height d of the grating, (c) Fermi level of graphene, and (d) incident angle of the excitation wave.   
 
The perfect absorptance can also be tuned without changing the grating geometry but by 
electrostatically gating the graphene leading to a change in its doping level. The effect of 
different graphene Fermi level values on the perfect absorptance of the proposed graphene-
covered gratings is demonstrated in Fig. 4.2(c). There is a substantial shift in the resonant 
frequency of the perfect absorptance as the Fermi level is increased. The modification in the 
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Fermi level leads to different graphene properties and, as a result, to a frequency shift in the 
resonant response of the graphene plasmons. However, it is interesting that the absorptance 
remains perfect between 0.1 eV to 0.45 eV and only blueshifts as the doping level is increased. 
This doping variation can be achieved by electrostatically gating the graphene monolayer with 
a pair of transparent electrodes, as explained in the next paragraph [259]. Finally, we 
investigate the performance of the proposed graphene-covered grating under different incident 
angles of the excitation wave. The calculated absorptance is shown in Fig. 4.2(d) as a function 
of the incident angle and frequency. Evidently, the absorptance remains almost perfect located 
at the same resonant frequency point over a wide range of incident angles, in particular between 
±80º.  
The currently proposed structure can be realized with existing well-established fabrication 
methods, since just a graphene monolayer needs to be deposited on a microscale metallic 
grating. The gating voltage can be applied only on the suspended part of the graphene sheet 
because the remaining graphene part will be shorted while touching the metallic grating. Note 
that the portion of graphene along the grating ridges has no effect on the absorption and 
nonlinear response of the proposed hybrid structure. Hence, the nonuniform doping profile of 
graphene will not affect the response of the presented configuration. This is due to the fact that 
only the suspended part of graphene over the trenches strongly interacts with the incident 
absorbed power, as it is clearly shown by the field and power profiles plotted in Appendix A6. 
Surface waves are not excited along the grating ridges at the perfect absorption frequency and 
only localized power is formed on the upper part of the trenches at this frequency point, as it is 
depicted in Appendix A6. As a result, the fields along the trenches of the grating are the 
strongest, where the graphene monolayer is located. Thus, the nonlinear signal will be mainly 
generated by the strong fields interacting with graphene in these nanoregions. The metallic 
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trenches can be loaded with a dielectric material to efficiently gate the suspended graphene 
sheet leading to a voltage-controlled perfect absorber. The relationship between Fermi level 
FE  and gate voltage gV  for this gating configuration is: F F gE hv CV eπ=  [1], where h  is 
the Planck constant and 61 10Fv m s= ×  is the graphene Fermi velocity. The formed 
electrostatic capacitance per unit area C  is equal to 0 dC dε ε= , where dε  and d  are the 
dielectric permittivity and thickness (height) of the grating trench, respectively. Here, we 
assume 4.4dε =  and the highest gate voltage value to achieve the maximum used Fermi level 
(0.45 eV) is computed to be 123 V, which is realistic and relative low value paving the way 
towards a potential experimental verification of the proposed tunable THz absorber [176]. 
 
4.3.2 Enhanced third-harmonic generation 
During the analysis presented in the previous section 4.3.1, we proved that perfect and 
tunable absorption can be achieved by using a hybrid metallic grating covered by graphene. It 
was demonstrated that the electric field is greatly enhanced at the absorption resonance due to 
the strong coupling between the graphene and grating plasmonic responses. The increased 
light-matter interactions achieved by the proposed hybrid structure and obtained at the perfect 
absorptance frequency point have the potential to dramatically enhance the nonlinear response 
of graphene at THz frequencies. Towards this goal, in this section, we investigate the THG 
efficiency of the proposed graphene-covered grating when all the nonlinear properties of the 
used materials are included in our nonlinear simulations. The fundamental frequency (FF) that 
excites the nonlinear system is always set to coincide with the perfect absorptance resonant 
frequency of the proposed hybrid structure. The strong electric fields at the resonance will 
subsequently boost the excited nonlinear effects. 
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Gold can be assumed to exhibit PEC-like response at THz frequencies, since it has very 
high conductivity and the fields minimally penetrate its bulk volume [260]. However, in order 
to ensure the accuracy of our nonlinear simulations, we include its nonlinear susceptibility 
(3) 19 2 22.45 10 /Au m Vχ
−= ×  at the infrared frequency region [261], in addition to its linear Drude 
model, as it was described in the previous section. Hence, the Kerr nonlinear permittivity of 
gold is given by: (3) 2, , FFNL Au L Au Au Eε ε χ= + , where FFE  is the enhanced electric field induced at 
the FF and shown in the right inset of Fig. 4.1(b). We will demonstrate later that the nonlinear 
response of the proposed system is dominated by the nonlinear properties of graphene and not 
the gold grating nonlinear permittivity.  
The third-order nonlinear surface conductivity of graphene at THz frequencies is calculated 
by the formula [45]: 
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  (4.10) 
where 20 / 4eσ =  , 
61 10 /F m sν = × , ( ) 17 ( ) 64 (2 ) 45 (3 )T x G x G x G x= − + , with 
( ) ln | (1 ) / (1 ) | (| | 1)G x x x i xπθ= + − + − , and ( )zθ  is the Heaviside step function. Graphene is 
modeled in COMSOL as a nonlinear surface current that can be expressed as 
(3) 3
g TH FFJ E Eσ σ= +  [262], where FFE  and THE  are the electric field induced at the FF and 
the third harmonic (TH), respectively [Appendix A2]. An additional electromagnetic wave 
solver needs to be included in COMSOL and coupled to the FF solver in order to accurately 
compute the THG radiation, which will solve the nonlinear Maxwell’s equations at the TH 
frequency 3THω ω= [Appendix A5]. The surface current formalism used to model the 
nonlinear graphene leads to more accurate simulation results combined with less stringent mesh 
quality requirements. This type of simulations is faster and more accurate compared to the 
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widely used conventional numerical three-dimensions (3D) graphene modeling, where 
graphene is considered to be a bulk material [263]. The undepleted pump approximation is used 
in all our nonlinear simulations, since the nonlinear signals are expected to be weaker compared 
to their linear counterparts.  
The schematic of the THG process is illustrated in Fig. 4.3(a). In this case, a wave with 
frequency 3ω  will be generated when an incident wave with FF ω  excites the proposed 
nonlinear graphene-covered grating. The insets in Fig. 4.3(b) demonstrate the electric field 
enhancement distributions for this structure at FF and TH frequencies, respectively. Clearly, 
enhanced localized electric fields are obtained both at the FF resonance, as well as the TH 
frequency. In order to take advantage of the strong field enhancement and boost THG, the 
frequency of the FF excitation wave is located close to the perfect absorption resonance which 
is computed to be around 8.8f THz=  in this case. The proposed nonlinear structure is 
illuminated at normal incidence with a relatively low input intensity equal to 210kW cm . This 
value is substantially lower compared to intensity values used in previous works based on just 
the nonlinear properties of graphene without the addition of plasmonic structures [234]. By 
calculating the integral 
C
S n⋅∫

  over the entire surface of the structure and at the far-field [264], 
where S

 is the Poynting vector crossing the boundary surface C and n  is the boundary norm 
vector, the radiated output power of the TH wave with radiation frequency 3 26.4f THz=  is 
computed. Note that we assume a fictitious large distance of one meter for the y-direction 
length of the proposed structure in all our 2D simulations, thus the output power is always 
computed in Watt units. The result of the radiated output power of the TH wave is shown in 
Fig. 4.3(b). Interestingly, there is a peak at the TH radiation around the absorption resonance, 
which coincides with the FF, and its maximum value can reach 1.6 W. In addition, the TH 
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radiation power shown in Fig. 4.3(b) follows the same trend with the absorptance depicted 
before in Fig. 4.1(b). Finally, we would like to stress that reflected waves do not exist at the 
fundamental frequency 8.8f THz=  due to the high absorptance of the proposed hybrid grating 
but there are strong THG reflected waves due to low absorptance at the third-harmonic 
frequency 3 26.4f THz= . 
 
Figure 4.3  (a) Schematic of the THG process due to the nonlinear graphene-covered grating. (b) The computed output 
power of the THG wave as a function of the incident wave fundamental frequency. Inset: The computed electric field 
enhancement distributions at the FF equal to 8.8 THz (left) and the TH at 26.4 THz (right). 
 
Next, we compute the THG conversion efficiency (CE) which is a suitable metric to 
describe the THG power strength in a more quantitatively way. It is defined as the ratio of the 
radiated THG power outflow _out THP  over the input FF power _in FFP : _ _out TH in FFCE P P= [265]. 
It is clear that the incident FF wave intensity plays a key role in the CE. The CE is plotted in 
linear scale as a function of the FF wave intensity in Fig. 4.4. The FF is fixed at 8.8 THz, where 
the maximum linear absorption is achieved for the currently used geometrical parameters 
p=8um, b=0.6um and d=8um. The CE is dramatically enhanced by increasing the incident 
intensity of the FF wave. Notably, the CE can reach to high values (16%) with very low input 
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intensities ( 2100 kW cm ), which is a substantial improvement compared to the previously 
proposed strong THG obtained by patterned nonlinear graphene metasurfaces at similar THz 
frequencies [266]. It is even more interesting that this high efficiency can be achieved by the 
currently proposed more realistic and easy to fabricate configuration. In the proposed structure, 
a graphene monolayer is used to obtain strong nonlinear response instead of patterned graphene 
microribbons that can suffer from detrimental edge loss effects at their discontinuities and other 
fabrication imperfections. The used input intensities have realistic values and even higher THz 
radiation intensities on the order of several 2MW cm  have been reported in previous works 
with specialized configurations [267]. We would like to stress that the presented THG 
efficiencies are on the order of a few percents and these values are higher compared to most 
nonlinear plasmonic devices presented so far [247]. Note that the computed CE relationship as 
a function of the input intensity has a quadratic shape (Fig. 4.4), an expected trend for THG 
nonlinear conversion efficiency. The input intensity of the FF wave will always be fixed to the 
low value of 220kW cm  at all the following calculations in this chapter unless otherwise 
specified. 
 
Figure 4.4 Computed THG CE in linear scale as a function of the incident FF wave intensity. Relative low FF input 
THz wave intensities lead to very high THG CE. 
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According to Eq. (4.10), it is expected that a stronger nonlinear response will be obtained 
by using lower Fermi level values, i.e., less doped graphene. The THG CE will also be affected 
by the FF(ω) since the value of the nonlinear surface conductivity of graphene given by Eq. 
(4.10) is inversely proportional to ω. As a consequence, stronger nonlinear response and higher 
CE are expected to be achieved at lower THz frequencies. However, the enhanced electric 
fields at the FF resonance will also affect the THG process. In order to verify how the THG CE 
will be affected by all these different parameters, the CE of the proposed nonlinear structure is 
computed by sweeping the graphene Fermi level and the fundamental frequency. The contour 
plot of this result is shown in Fig. 4.5. Clearly, the THG CE is decreased as the Fermi level is 
increased or in the case of off-resonance operation. The maximum CE value is obtained for 
approximately fFF = 8.8 THz and slightly doped graphene with Fermi level EF = 0.1 eV. This 
trend is consistent with the absorptance analysis performed in the previous section. It is 
interesting that low doped graphene, which is easier to be produced, can lead to enhanced 
nonlinear effects based on the proposed configuration.   
 
Figure 4.5 The computed THG CE in logarithmic scale at normal incidence as a function of the fundamental frequency 
and the graphene’s Fermi level of the proposed nonlinear hybrid graphene-covered grating. 
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We have discussed in section 4.3.1 the effect of the proposed hybrid structure’s geometry 
on the linear absorptance spectrum. In this section, we also investigate the effect of the 
geometry on the THG nonlinear process. Towards this goal, the THG CE is computed by 
sweeping the FF and the period or height of the grating, as shown in Figs. 4.6(a) and (b), 
respectively. The CE (plotted in dB) is tunable and follows the same trend with the linear 
absorptance enhancement illustrated before in Figs. 4.2(a) and (b). When the FF is tuned around 
the resonant frequency, a noticeable enhancement in the THG CE is observed for every period 
or height of the plasmonic grating with results shown in Fig. 4.6. This is directly related to the 
enhancement of the electric field at the absorptance resonance peak that boosts the nonlinear 
response of the structure translated to enhanced CE. In all the above simulations, we set the 
intensity of the illuminating wave to very low values (20kW/cm2), where the THG CE is 
relatively high and equal to -22dB at the resonance. Hence, it is possible to also tune the THG 
nonlinear waves by changing the plasmonic grating’s geometrical parameters and without 
altering the graphene properties. Note that there is no special requirement in the fabrication of 
the graphene monolayer used in the proposed hybrid structure since different values of 
graphene relaxation times were found not to affect the absorptance and THG conversion 
efficiency. 
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Figure 4.6 THG CE contour plots of the proposed nonlinear hybrid structure at normal incidence as a function of the 
frequency and (a) the period or (b) height of the grating. The grating height is fixed to d=8um in (a) and the period is 
fixed to p=8um in (b). 
 
Finally, the TH output power is computed with and without the graphene monolayer to 
prove that the addition of graphene is crucial in order to obtain enhanced nonlinear effects. The 
comparison results of the proposed hybrid structure and a similar structure made of a flat 
metallic substrate (no grating/ geometry shown in the inset of Fig. 4.7) with and without 
graphene on top are plotted in Fig. 4.7. In order to have a fair comparison, all the results are 
obtained under a varying incident angle wave and by using the same fundamental frequency of 
8.8 THz. Moreover, the grating height and the substrate thickness are also kept identical during 
this comparison. The TH output power of the proposed graphene-covered hybrid grating [blue 
line in Fig. 4.7] has by far the highest value compared to all the other scenarios: i) the plasmonic 
grating with the same dimensions but without graphene on top [black line in Fig. 4.7], ii) the 
graphene-covered flat metallic substrate without the grating corrugations [green line in Fig. 
4.7], and iii) the flat metallic substrate without the graphene monolayer on top [red line in Fig. 
4.7]. Under normal incidence, the TH radiation generated by the proposed graphene-covered 
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plasmonic grating has an impressive twenty-eight orders of magnitude THG enhancement 
compared to the same plasmonic grating but without graphene. In a similar way, the case of 
the flat metallic substrate has much higher TH radiation when graphene is placed on top of it 
but still much lower values compared to the plasmonic grating case. Thus, it can be concluded 
that graphene plays a crucial role in the strong enhancement of the THG process. The same 
structure without the key nonlinear element of graphene will not produce such significant THG 
radiation. These results directly demonstrate the great potential of graphene in THz nonlinear 
optics. In addition, the THG process is much stronger in the case of the plasmonic grating 
configuration compared to the flat metallic substrate without corrugations since the grating 
structure can enable strong localized electric fields at its plasmonic resonance that strongly 
couple to graphene, as was mentioned before. Note that the THG output power remains relative 
insensitive across a broad incident angle range, especially between [-30º, 30º], in agreement to 
the linear absorptance spectrum. 
 
Figure 4.7 Comparison of the TH output power of the proposed hybrid graphene-covered grating (blue line), the 
plasmonic grating without graphene (black line), the flat metallic substrate covered by graphene (green line/geometry 
shown in the inset), and the flat metallic substrate without graphene (red line). All the structures are excited by an 8.8 
THz frequency incident wave under varying incident angles. 
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4.3.3 Enhanced four-wave mixing 
Another interesting third-order optical nonlinear procedure is FWM which typical requires 
very high input intensities to be excited. A feasible way to improve the efficiency of the FWM 
process is to increase the local field intensity at both input waves by using an artificially 
engineered structure [114,268]. In the following, we demonstrate that the proposed graphene-
covered grating can serve as an excellent platform to also boost this nonlinear process at THz 
frequencies. The strong coupling and interference between the plasmonic resonance of the 
metallic grating and the THz surface plasmon along the graphene monolayer can lead to strong 
local field enhancement, as was demonstrated before, which is expected to enhance FWM.  
During the FWM process, two 1ω  and one 2ω  photons are mixed and a photon is emitted at
3 1 22ω ω ω= − . In order to take advantage of the strong field enhancement at the resonance and 
boost the FWM process, the two incident wave frequencies are chosen to be equal to 
1 8.8f THz=  and 2 9.2f THz= . Thus, the generated FWM wave will be located at 3 8.4f THz=
. The frequencies of the incident and generated waves are all very close to the maximum 
absorptance resonant frequency (8.8 THz). Hence, the electric fields induced by the incident 
and generated waves are expected to be greatly enhanced at these frequencies. The computed 
electric field distribution enhancement at the generated FWM wave 3 8.4f THz=  is 
demonstrated in the inset of Fig. 4.8(b). 
Again, we use COMSOL to investigate the enhanced FWM nonlinear process based on the 
proposed nonlinear graphene-covered grating. The relevant schematic of this nonlinear 
procedure is illustrated in Fig. 4.8(a). The boundary conditions are the same with the THG 
simulations presented before except that one more electromagnetic wave solver is required to 
take into account the mixing mechanism introduced by the additional 2ω  input wave. Both 
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incident waves are TM polarized and have incident angles 1θ  and 2θ , respectively. In addition, 
both input intensities are selected to have low values equal to 220kW cm . We measure the 
FWM radiated power through the upper boundary of the simulation domain by integrating the 
power outflow over the surface that surrounds the nonlinear structure, as it was performed 
before in the case of the THG process. The computed FWM output results are shown in Fig. 
4.8(b). The incident angle 2θ  is kept constant and equal to zero and the other incident angle 1θ  
varies from 0  to 90±  . The maximum output power is found to be 381 W at 1 0θ =
  and 
remains close to this peak value within a relatively broad range of incident angles ( 30 ,30 )−   . 
The FWM output power is symmetric with respect to 1θ  and relatively insensitive to this  
 
Figure 4.8 (a) Schematic of the FWM process due to the nonlinear graphene-covered plasmonic grating. (b) Computed 
output power of the generated FWM wave 3ω  as a function the excitation angle 1θ  of the incident wave for the cases 
of the graphene-covered grating (black line) and only the grating without the graphene monolayer (blue line).  Inset: 
The computed electric field enhancement distribution at the FWM frequency 3 8.4f THz= . 
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 Figure 4.9 Computed output power of the generated FMW wave as a function of the excitation angles of both incident 
waves impinging on the nonlinear hybrid graphene-covered grating.  
 
incident angle. The same result is also obtained when the incident angles 1θ  and 2θ  of both 
input waves are simultaneously swept. The computed contour plot of this study is shown in Fig. 
4.9. In this case, the used incident frequencies are the same as the results presented before in 
Fig. 4.8(b). It can be concluded that the FWM efficiency of the proposed graphene-covered 
grating is very high and relatively insensitive to the excitation angles of both incident waves. 
The FWM efficiency can be calculated by computing the ratio , ,out tot in totP P , where ,out totP  
and ,in totP  are the total output and input powers, respectively. It is noteworthy that the FWM 
efficiency of the proposed hybrid grating can reach very high values of approximately 12% 
with a relatively low input intensity 220kW cm . To the best of our knowledge, such high 
nonlinear efficiency has never been reported before in the literature of both theoretical and 
experimental nonlinear plasmonic devices [247]. This efficiency is even higher compared to 
the THG process presented before because one more incident wave is contributing its power in 
the FWM process. The obtained high nonlinear efficiency is one of the major advantages of 
100  
 
 
the proposed hybrid THz nonlinear graphene-plasmonic configuration. The FWM output 
power generated by the metallic grating without graphene on top is also calculated and plotted 
in Fig. 4.8(b) (blue line). Clearly, the FWM output power is dramatically increased with the 
proposed graphene-covered grating by approximately twenty-five orders of magnitude 
compared to a plain grating without graphene. This comparison provides an additional proof 
of the key contribution of graphene in the boosted nonlinear response of the proposed 
plasmonic system. 
    As indicated before in section 4.3.2, the Fermi level FE  will have a pronounced effect on the 
nonlinear response of the proposed structure. It will lead to different values in the nonlinear 
conductivity of graphene, which is given by Eq. (4.10). This effect is also predominant in the 
FWM process. The variation in the FWM output power due to increased FE  is computed and 
shown in Fig. 4.10(a). The incident frequencies are again fixed to 1 8.8f THz=  and 
2 9.2f THz=  in this case. The FWM output power is decreased by five orders of magnitude 
when the Fermi level is increased from 0.1 eV to 0.45 eV. This trend is consistent with the 
formula of the third-order nonlinear surface conductivity of graphene given by Eq. (4.10). 
Moreover, we explore the effect of the proposed hybrid structure’s geometry on the FWM 
process, similar to our previous THG analysis. The results are shown in Figs. 4.10(b) and (c). 
The FWM output power is relatively high when the period varies from 5 um to 25 um and 
reaches a maximum value of 1150 W for approximately 15 um period. This trend is similar to 
the THG CE contour plot shown before in Fig. 4.6(a), where the FF wave was fixed to 8.8 THz. 
The FWM output power changes dramatically with the grating’s height, as demonstrated in Fig. 
4.10(c). It reaches a maximum value of 382 W  for d=8um and a minimum value of 112 10 W−×  
for d=16um. This trend is again similar to the THG CE contour plot shown in Fig. 4.6(b). The 
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absorptance resonant frequency is strongly shifted when we change the grating height d [see 
Fig. 4.2(b)] and this leads to a dramatic variation in the FWM output power. Thus, it can be 
concluded that the output radiated power of the generated FWM wave can be tuned by either 
changing the graphene’s Fermi level or the geometry of the proposed hybrid structure. 
 
Figure 4.10 Computed output power of the generated FWM wave by the nonlinear hybrid graphene-covered grating 
[schematically depicted in Fig. 4.8(a)] as a function of (a) the graphene’s Fermi level with fixed structure dimensions 
equal to p=8um, b=0.6um, d=8um, (b) the grating period p when 0.1FE eV=  and the other dimensions are fixed to 
b=0.6um and d=8um, and (c) the grating height d when again 0.1FE eV=  and the other dimensions are fixed to 
b=0.6um and p=8um. 
 
Finally, an alternative robust way to control the output radiation power of the generated 
FWM wave is achieved by varying the incident power of both excitation waves. The FMW 
signal is expected to follow a square power law behavior as a function of the input power P1 of 
the first incident wave 1ω  and a linear power law relation as a function of the input power P2 
of the second incident wave 2ω  [240]. The effect of the input pump intensities P1 and P2 of the 
two incident waves with frequencies of 1 8.8f THz=  and 2 9.2f THz= , respectively, on the 
output power of the generated FWM wave is illustrated in Fig. 4.11. Indeed, the generated 
FWM power is approximately a square function of P1 and a linear function of P2. This result 
also demonstrates that P1 has a stronger effect on the generated FWM power [114]. Hence, the 
generated FWM power can be further enhanced by increasing the input power of both incident 
102  
 
 
waves. Thermal damage to gold grating can occur only for very high input intensities in the 
order of GW/cm2. In addition, graphene has an even higher melting point compared to gold and 
is not expected to be affected by thermal effects. 
 
Figure 4.11 The effect of the input pump intensities P1 and P2 on the output power of the generated FWM wave. The 
pump frequencies of the two incident waves are 1 8.8f THz=  and 2 9.2f THz= . 
 
4.4 Conclusions 
In this chapter, we have analyzed and demonstrated enhanced nonlinear THz effects based 
on a new hybrid THz planar nonlinear device composed of a graphene monolayer placed over 
a metallic grating. The presented strong nonlinear response is mainly due to the localization 
and enhancement of the electric field at the absorption resonance of the proposed structure and 
the large nonlinear conductivity of graphene at THz frequencies. It is demonstrated that the 
efficiency of both THG and FWM nonlinear processes can be dramatically enhanced by many 
orders of magnitude compared to other conventional non-hybrid metallic gratings and 
substrates. The presented nonlinear efficiencies are computed to be very large on the order of 
a few percent. They are higher compared to the majority of the state-of-the-art nonlinear planar 
plasmonic devices. Another major advantage of the proposed hybrid THz nonlinear 
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configuration is that its nonlinear response can be dynamically tuned by using different 
mechanisms. In particular, it is presented that the output powers of both THG and FWM 
processes can be tuned by varying the metallic grating dimensions. This is due to the fact that 
the geometrical variations can lead to significant shifts in the absorptance resonant frequency, 
where the electric field, that triggers the nonlinear response, is greatly enhanced. Even more 
importantly, the nonlinear response can be dynamically modulated without altering the 
geometry of the proposed device and just by varying the graphene doping level. Finally, we 
demonstrate that the efficiencies of both THG and FWM processes can be further improved by 
increasing the input intensity of the incident waves. 
The proposed graphene-covered metallic gratings can be realized with commonly used 
fabrication techniques. They can be built by a combination of chemical vapor deposition to 
efficient exfoliate graphene and the deposition of the graphene monolayer over a microscale 
gold grating which can be constructed by using conventional lithography techniques. The 
presented optimized grating design usually requires a relatively high aspect ratio (groove depth 
d over groove width b) with values between 10-20 to achieve strong absorption and nonlinear 
response but similar metallic gratings have recently been built based on photolithography [269], 
deep reactive-ion etching Bosch process [270], or nanoimprint lithography [271]. The proposed 
hybrid nonlinear graphene-plasmonic devices are envisioned to have several applications 
relevant to the new field of nonlinear optics based on 2D materials. They can be used in the 
design of THz frequency generators, all-optical signal processors, and wave mixers. Moreover, 
they are expected to be valuable components in the design of new nonlinear THz spectroscopy 
and noninvasive THz subwavelength imaging devices. Finally, the strong field confinement 
inside the nanoscale trenches and along graphene, achieved by the proposed hybrid grating, 
can be used to enhance dipole forbidden transitions on the atomic scale [272,273]. 
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CHAPTER 5. COHERENT PERFECT ABSORPTION BASED ON 
BLACK PHOSPHORUS AND GRAPHENE METASURFACES 
5.1 Chapter introduction 
Absorption of light is a fundamental light-matter interaction process. To increase 
absorption in an optical system, a material with large loss should be incorporated in the system. 
The entire transmitted wave will be absorbed if the material is lossy and thick enough, and the 
impedance matching condition to the surrounding environment is satisfied [274]. However, 
there are several scenarios where these conditions cannot be satisfied. Considering the cost and 
design fabrication complexity, a thick layer of lossy material is difficult to be incorporated in 
a conventional device that in addition needs to become impedance matched to the surrounding 
environment and, as a result, fully dissipate the incident electromagnetic radiation power. 
Interestingly, perfect absorption based on elongated and bulky metamaterials or plasmonic 
structures has recently been realized under single wave illumination [275,276] but these 
designs are always terminated by a back reflector to achieve zero transmission.  
The recently proposed concept of coherent perfect absorption (CPA) [214,277–279] has 
generalized the absorption functionality to free-standing structures without back reflectors. It 
is based on the destructive interference of two input waves interacting inside lossy materials. 
CPA is a delicate phenomenon requiring precise tuning of the absorber properties and the 
relative phase of the incoming waves. Radiation incident from both sides can be completely 
absorbed if the respective conditions are met for a particular wave vector, as shown in Fig. 5.1 
[280]. It can lead to total absorption in a flexible and controllable way by efficiently 
manipulating the interference effect via varying the incident waves’ intensities or phases.  
Recently, the CPA concept has attracted increased research interest [281–287] because of 
its potential use in nanophotonic applications, such as optical modulators, optical switches, and 
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sensors. Moreover, CPA devices have been realized with different versatile geometries. The 
use of metamaterials or metasurfaces has opened new possibilities in efficient CPA control 
through the incorporation of additional robust system parameters and artificial engineered 
materials. Moreover, two-dimensional (2D) materials [17], such as graphene, promise to 
provide further tunability in the CPA response through dynamically controlling their doping 
level by using appropriate gating voltage configurations [286]. This dynamic feature cannot be 
achieved with other systems based on conventional bulky materials. 
 
Figure 5.1 Incident radiation enters an absorber from two sides with a wave vector q⋆. Provided that the complex 
amplitudes aL and bR are chosen properly, no radiation is transmitted or reflected. Reproduced from [280].  
 
CPA consists of the time-reversed analog of laser, inevitably leading to narrow bandwidth 
operation [214]. The narrowband response or single-frequency operation is the major challenge 
of the CPA operation [284,288–290]. However, it has been reported that the CPA bandwidth 
can be improved by substantially decreasing the size of the absorbing medium or increasing its 
losses [291]. This effect is impossible to be achieved by using conventional lossy materials 
because enormous loss coefficients will be required to attain CPA that are difficult to be 
realized in practice [284]. Fortunately, 2D materials can provide a practical alternative to 
design ultrathin CPA devices (much smaller than the operation wavelength), because they can 
sustain strongly confined subwavelength plasmonic waves along their surfaces [120,266,292–
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295]. The resulted compactness of the CPA devices based on 2D materials is another significant 
advantage, besides their unique tunability feature. 
As a most widely investigated 2D material, graphene has been reported to achieve CPA in 
many works due to its remarkable optical properties [285,296–298]. By patterning graphene 
into ribbons, nanodisks or rectangular patches, adopting a grating coupler, and combining 
graphene with insulating layers [51,120,122,266,295], it can help to increase the devices’ 
absorption by enhancing the light-graphene interaction. It is noteworthy that the excitation of 
graphene plasmons has become an important platform to achieve enhanced light-matter 
interactions [51,60,129]. Highly confined and tunable surface plasmons at THz frequencies are 
formed with graphene metasurfaces, making graphene an attractive alternative to traditional 
noble metal plasmonics.  
As an alternative to graphene, recently, black phosphorus (BP) demonstrated its prominent 
potential to a variety of applications including photodetectors, phase shifters, absorbers, and 
field effect transistors [299–301]. It can be manufactured either by using exfoliation or other 
mechanical/chemical deposition techniques [302–304]. By patterning the monolayer BP to 
circular or rectangular patches, we can design plasmonic metasurfaces operating at THz 
frequencies [91,305,306]. In addition, unlike graphene and other 2D materials, BP exhibits a 
strong anisotropic plasmonic response because of the puckered honeycomb lattice structure 
formed by its atoms [90,307]. Another difference compared to graphene is that BP has a 
thickness-dependent direct bandgap, ranging from ~ 0.3 eV (bulk BP) to ~ 2 eV (monolayer 
BP) [20,85,86]. This characteristic property makes BP a prominent material to enable tunable 
optical response over a broad wavelength range [308]. Note that 2D BP monolayers have 
already been used as conventional THz absorbers [89,305,309–311] under single wave 
illumination. 
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Here, we design tunable, broadband, and compact THz CPA devices based on bifacial BP 
and graphene metasurfaces separated by an ultrathin dielectric layer. We first derive the CPA 
conditions for asymmetric structures by using the scattering matrix formalism. Numerical 
simulations are applied to verify the accuracy of the theoretical models. Broadband CPA can 
be achieved with this configuration design. We will also prove that tunable CPA performance 
is realized by manipulating the doping level of the BP or graphene patches.  
 
5.2 Theoretical analysis of coherent perfect absorber (CPA) 
The transfer matrix  formalism is used to theoretically analyze the propagation of two 
incident waves and their interactions with coherent perfect absorbers. Thus, the output waves 
(O± ) can be expressed as: 
                                            ,
O I r t I
S
O I t r I
+ + + − +
− − + − −
       
= =       
       
                                    (5.1) 
where ,r r+ −  and ,t t+ −  are the reflection and transmission coefficients at the forward and 
backward direction, respectively. To quantitatively investigate the CPA effect, we define the 
output coefficient variable Θ  as the ratio of the output waves intensities to that of the input 
waves [312,313]: 
 
2 2 2 2
2 2
| | | | | | | | ,
| | | | 2
O O r t t r
I I
α α+ − + −
+ −
+ + + +
Θ = =
+
  (5.2)                          
where I Iα − +=  is the ratio between the two input waves.  This complex variable can be 
written as: | | ie ϕα α=  , where ϕ  is the phase difference introduced by the different 
propagation distance between the incident waves. Note that the transmission coefficient is 
equal from both directions of incidence ( )t t t+ −= =  because reciprocity is not broken by the 
currently studied configurations.   
S
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CPA can be achieved when the output coefficient becomes 0Θ =  , which means that there 
will be no outgoing waves ( )0O± =  and the total incident energy will be fully absorbed by the 
device. The conditions to achieve CPA are derived to be / /t r and r tα α− += − = − . Thus, in 
order to realize CPA, we need to optimize the proposed structure to get specific reflection and 
transmission coefficients from each side illumination and meet the CPA conditions. 
 
5.3 Coherent perfect absorption based on BP metasurfaces 
5.3.1 Bifacial BP metasurfaces 
We propose to design a new tunable, broadband, and polarization-independent THz CPA 
device based on two bifacial BP metasurfaces separated by a thin dielectric spacer layer. The 
schematic is shown in Fig. 5.2(a), which is composed of two BP monolayers structured in a 
patch array formation and separated by a thin dielectric spacer layer. The geometrical 
parameters of the unit cell are shown in Fig. 5.2(b). The complex anisotropic conductivity of a 
BP monolayer can be described by Eq. (1.10). The parameters used for the thin dielectric spacer 
layer are 2.92dε =  and d=20nm. The period of the device is P=500nm. The electron doping 
level of the BP monolayer is chosen to have a moderate value of 13 24 10sn cm
−= × . The side 
lengths of each BP patch in the x- and y- directions are equal: Lx=Ly=480nm. We will keep 
using the same parameters and normal incident angle illumination during this chapter unless 
otherwise specified. 
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Figure 5.2 (a) Schematic of the BP-based CPA device consisting of two metasurfaces made of BP patches separated by 
a thin dielectric spacer layer. I± and O± denote the input and output waves, respectively, from each side. θ+  and θ−   are 
the incident angles of the forward and backward incident waves. (b) Unit cell of the proposed device. Lx and Ly are the 
lengths of each BP patch in the x- and y- direction, respectively. P and d are the period of the BP patch array and the 
thickness of the dielectric layer, respectively.  
 
For the BP-based CPA device, we assume that the amplitude of the forward and backward 
waves are always equal throughout this section, which means that one input source can be used 
that can be split in two counter-propagating waves with different phases by using a beam 
splitter and phase delay configuration. As a result, the ratio between the two input waves is  
ie ϕα =  . Hence, the relation between the two counter-propagating incident beams is: 
iI e Iϕ∆+ −= , where ϕ∆  is the phase difference introduced by the different propagation distance 
between the incident waves or another phase delay configuration. By rearranging the output 
coefficient formula, we obtain 2 2| 2 cos |r t rt ϕΘ = + + ∆ . In this case, CPA ( )0Θ =  can be 
achieved if r t= −  and cos 1ϕ∆ = ( )2nϕ π∆ =  or if r t=  and cos 1ϕ∆ = −  ( )(2 1)nϕ π∆ = + , 
with n being an arbitrary integer number. Note that r t= −  implies that the amplitude of 
reflection and transmission coefficients are the same and their phase difference θ∆   (not to be 
confused with the phase difference ϕ∆  between the two counter-propagating waves) is π , i.e., 
| | | |r t=  and θ π∆ = . Similarly, r t=  means that | | | |r t=  and 0θ∆ = . 
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5.3.2 Equivalent circuit model  
The surface impedance of the proposed metasurface based on an array of periodic BP 
patches can be expressed as [314–317]: 
 
0
[ ] ,
( 1) ln{csc( ( ) 2 )}
j
sj
j j d j i
LPZ i
L P P L P L
π
σ ωε ε π
= −
+ −
  (5.3) 
where j represents the x- (or y-) in-plane direction, and i represents the y- (or x-) direction, 
respectively,  P is the period of the patch array, and dε  is the relative permittivity of the 
dielectric spacer layer. Eq. (5.3) can be rearranged as: 
 ( ) 1[ ],sj
i j i j j
P PZ i
L D L D C
η π ωπ
ω
= + −
   (5.4) 
where jC  is the effective capacitances in  the j direction, which is determined by the dielectric 
spacer layer and the geometrical parameters of the BP patch array:  
 0( )(1 ) ( 1) ln{csc( ( ) 2 )},j j i d jC L L P P L Pπ ε ε π= + −   (5.5) 
It is demonstrated from Eq. (5.4) that the surface impedance of the BP patch array is 
anisotropic. In addition, it is also derived that the BP patch array can be modeled by an effective 
resistor (R), inductor (L), and capacitor (C) in series, as shown in Fig. 5.3. The wave impedance 
of the dielectric spacer layer for normal incidence illumination is equal to: 
tan( ) 1 ( ) ,d d d dZ i k d i Cη ω= =  where 0 0d dη µ ε ε= and 0 0d dk ω ε ε µ= are the characteristic 
impedance and wavenumber, respectively, and  is the effective capacitance that can be 
calculated by the dZ  formula.  
Under TM-polarized incident wave illumination, the electric field is polarized along the x-
direction and the corresponding surface impedance of the BP patch array is expressed as sxZ . 
In addition, we find that both the top and bottom BP patch arrays form identical R-L-C series 
dC
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circuits with parameters shown in Fig. 5.3. The total impedance of the device can be computed 
by the parallel combination of the two R-L-C series circuits and the capacitive impedance of 
the dielectric layer and is equal to: || 0.5d sxZ Z Z= . Then, the input impedance of the proposed 
device is given by: 0|| 0.5 ||in d sxZ Z Z Z= , where 0 120Z π= Ω  is the characteristic impedance 
of the surrounding free space.  
As a result, the total reflection, transmission, and absorption coefficients [122,318,319] of 
the proposed CPA THz device can be computed by: r=(Zin-Z0)/(Zin+Z0) , t=2Zin/(Zin+Z0) and 
A=1-|r|2-|t|2, respectively. Note that a relationship exists that connects the input and 
surrounding free space impedance to perfectly satisfy the CPA condition: 00.5inZ Z= [320]. 
The proposed bifacial metasurface design can decrease the total input impedance due to mutual 
coupling between the BP patches and realize the aforementioned CPA impedance condition. 
This condition cannot be satisfied with a single metasurface and a more elaborate bifacial 
design is required. 
 
Figure 5.3 Equivalent circuit model of the proposed BP-based CPA device under a TM-polarized incident excitation.  
 
With the structure and material parameters mentioned in section 5.3.1, we calculate the 
reflection, transmission, and absorption coefficients by the equivalent circuit model shown in 
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Fig. 5.3. The results are shown in Fig. 5.4(a). We can find that |r|=|t| at the resonant frequency 
8 THz. More interestingly, the absorption can reach to 50% at this resonance point, which 
satisfies the necessary condition to achieve CPA, as we analyzed in section 5.2. Then we 
analytically calculate the output coefficient Θ  by substituting the computed reflection and 
transmission coefficients into Eq. (5.2). From Fig. 5.4(b), it can be seen that CPA can be 
achieved at the resonant frequency 8 THz when the phase difference between the counter-
propagating incident waves is 2nϕ π∆ = . In addition, the absorption can reach to 90% values 
at the off-resonant frequencies from 7.2 THz to 8.8 THz, which implies broadband quasi-CPA 
performance. The pink dotted line in Fig. 5.4(b) demonstrate the performance of the proposed 
CPA device for higher frequencies 10 THz, where the CPA effect ceases to exist. Note that the 
CPA can be modulated from 0.01% to 99.98% at the resonant frequency just by varying the 
phase difference ϕ∆  between the counter-propagating incident waves. This means that the 
proposed planar compact device can be switched from perfect absorption to complete 
transparency. 
 
Figure 5.4 (a) The reflection, transmission, and absorption coefficients spectra under a single TM-polarized wave 
illumination. (b) Output coefficient Θ as a function of the phase difference between the two incident counter-
propagating beams at four different frequencies.  
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5.3.3 Numerical simulation results 
In this section, we perform COMSOL simulations to verify the analytical results and to 
further investigate the proposed BP-based CPA device. It is necessary to build a 3D simulation 
model since the BP monolayer is modeled as a boundary layer with an anisotropic surface 
current distribution. We use the formula of the BP optical conductivity that was given in 
Chapter 1. Periodic boundary conditions (PBC) are set in the x- and y- directions to model the 
periodic BP patches and port boundaries are placed in the z-direction to create the incident 
plane waves.  
Considering that BP is highly reactive to the oxygen of the surrounding free space, it is 
essential to encapsulate the entire device inside an ultrathin dielectric sheet to protect the BP 
monolayers from degradation [321]. Thus, a 10 nm thick Al2O3 thin film is used on both sides 
of the device that now can be exposed to the surrounding air. In a potential experiment, the 
fabrication can start with the micromechanical cleavage of bulk BP crystals directly onto the 
Al2O3 substrate from both sides, which will form the dielectric spacer layer between the 
metasurfaces. The 10 nm thick Al2O3 thin film can be grown on both sides by atomic layer 
deposition [89,322], as an encapsulating layer to protect the BP monolayer from degradation. 
We calculate the spectra of transmission, reflection, and absorption coefficients, and the 
phase difference θ∆  between the transmission and reflection coefficients under a single 
normal incident TM-polarized THz wave illumination. The results are shown in Fig. 5.5(a), 
where we use the same structure and material parameters with those used in the equivalent 
circuit model in section 5.3.2. We can clearly see from Fig. 5.5(a) that the phase difference 
between the transmission and reflection coefficients is θ π∆ =  and the transmission | |t  and 
reflection | |r  amplitudes are very close to each other at the peak absorption resonance 
frequency 8.4 THz. The CPA condition 0.5r t≈ − ≈  is perfectly satisfied at this point, 
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according to the theoretical analysis in section 5.2. Note that the simulation results shown in 
Fig. 5.5(a) agree very well with the theoretical results presented in Fig. 5.4(a), despite that in 
the simulations the encapsulation of BP with a thin dielectric layer was also included. 
Compared to the wavelength of the operating THz frequency, the dielectric layer is 
extremely thin.  The small frequency shift between the theoretical and simulation results can 
be attributed to both the finite mesh size used during the simulations and the thin dielectric 
layer. The broadband absorption response ( )0.5A =  under a single beam illumination shown 
in Fig. 5.5(a) implies the potential to attain broadband CPA performance, since the CPA 
condition is satisfied for a relatively broad frequency range. 
 
Figure 5.5 (a) Transmission, reflection, and absorption coefficients, and the phase difference between the transmission 
and reflection coefficients, as a function of frequency for a single TM-polarized wave normally incident upon the CPA 
device. (b) Real, imaginary, and absolute values of effective surface conductivity σ||e of the proposed BP-based CPA 
device normalized to the free space admittance.  
 
The proposed device is expected to function as a deep-subwavelength CPA ultrathin film. 
In order to further verify the CPA formation condition, we calculate the effective surface 
conductivity  by using a retrieval method adapted to thin films [323]. The real, imaginary, and 
absolute values of the effective surface conductivity of the proposed structure are presented in 
Fig. 5.5(b), but with normalization to the free space admittance 0 01Y Z= . It is verified that the 
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CPA condition || 0| | 2
e Zσ =  [320,324] is fulfilled around the resonant frequency, which 
coincides with the 50% absorption maximum [122]. 
Then, we launch a second incident wave to the device from the opposite side that has the 
same intensity and polarization as the first one, as we described in section 5.2. In this case, the 
two counter-propagating waves destructively interfere at the nanoscale thickness of the 
proposed metasurface, leading to CPA response. We create a contour plot of the computed 
output coefficient Θ  as a function of the incident frequency f  and phase difference ϕ∆ , in 
order to further investigate the CPA process and confirm its dependence on the phase difference 
between the incident waves ϕ∆ . The results are shown in Fig. 5.6(a). Interestingly, the total 
absorption can reach to 100% (CPA, 0Θ = ) with a proper phase difference of 2nϕ π∆ = , 
while it is almost 0% (complete transparency, 1Θ = ) with (2 1)nϕ π∆ = + . 
We also calculate the output coefficient Θ  as a function of the phase difference at four 
different frequencies, shown in Fig. 5.6(b). It is important to stress that the simulation results 
agree well with our analytical calculations in Fig. 5.4(b). The CPA modulation contrast are 
defined as the ratio of the maximum to the minimum output coefficient Θ value, in order to 
quantitatively measure the tunable performance of the CPA response. From Fig. 5.6(b), we find 
that the CPA modulation contrast can reach very high values of approximately 54dB at 8.4 
THz, outperforming the modulation contrast predicted in [325] for a graphene device. 
Furthermore, we calculate the CPA modulation contrast at 7.7 THz and 9.2 THz, which is 
21.9dB and 20dB, respectively. The pink dotted line in Fig. 5.6(b) is the output coefficient 
versus the phase difference at a non-resonant frequency of 10 THz, where no CPA is achieved. 
It is clearly demonstrated from Fig. 5.6(a) and (b) that almost perfect absorption can be 
obtained within a wide frequency range when the phase difference is fixed to 2nϕ π∆ = . The 
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broad bandwidth feature is a major advantage of the proposed CPA device, which can be 
attributed to its extremely thin planar geometry, since it is known that the CPA bandwidth is 
inversely proportional to the CPA film thickness [320]. However, extremely thin conventional 
materials will require enormous and non-practical loss coefficients in order to achieve CPA 
[284].   
 
Figure 5.6 (a) Contour plot of the output coefficient Θ as a function of frequency f and phase difference 
∆ϕ between the two counter-propagating incident waves. (b) Output coefficient Θ as a function of the phase 
difference at four different frequencies. Perfect CPA is obtained at 8.4 THz for ∆ϕ = 2nπ. 
 
It is significant to consider how the CPA response of the proposed BP-based device varies 
with its geometrical features which are expected to vary depending on the accuracy in the used 
fabrication process. The dependence of the output coefficient on the thickness of the dielectric 
spacer layer under TM-polarized normal incident counter-propagating waves is shown in Fig. 
5.7(a). Broadband CPA can be achieved under a wide range of thickness values. This is really 
crucial to the practical implementation of the proposed device, since the thickness of the 
ultrathin dielectric spacer layer might be slightly changed during the fabrication process. 
Moreover, the resonant frequency demonstrates a minor redshift, as we gradually increase the 
thickness of the dielectric layer. This is due to the fact that the absorption resonance is mainly 
determined by the size of the BP patches [91,311] and not the dielectric layer thickness. In 
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addition, the thickness of the dielectric layer between the two BP patch arrays is substantially 
smaller compared to the operating wavelength , and, as a result, its influence in the optical 
response is minor [317].  
 
Figure 5.7  Contour plot of the computed output coefficient Θ as a function of the frequency f of the TM-
polarized incident waves and (a) the thickness of the dielectric spacer layer or (b) the BP electron doping 
level ns. The two counter-propagating incident beams have a fixed phase difference equal to ∆ϕ = 2nπ. 
 
      The surface conductivity of the BP monolayer strongly depends on the electron doping 
level.  It is interesting to investigate the effect of the electron doping level on CPA performance. 
This tunable characteristic has been employed in optical modulator [326] and photodetector 
[327] applications. The change in the CPA performance by tuning the electron doping level of 
the BP monolayer between moderate practical values from 13 22 10 cm−×  to 14 21 10 cm−×  [328] 
is shown in Fig. 5.7(b). The coherent absorption is kept nearly perfect, as long as the electron 
doping level sn  is higher than 
13 22.5 10 cm−× . In addition, the CPA resonance frequency blue 
shifts as the electron doping level of the BP monolayers increases. This is because the electron 
doping values can significantly alter the BP properties. An approximate relationship between 
the resonance frequency and the electron doping level is f n L∝  [90,311], where n  is the 
electron doping level and L  is the length of the BP patch. Clearly, this relationship is consistent 
with the simulation results shown in Fig. 5.7(b). In addition, the electron doping level has a 
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substantial influence on the bandwidth of the CPA effect, as shown in Fig. 5.7(b), which is 
attributed to the slower variation of the BP patches’ surface impedances at higher frequencies. 
Thus, the CPA effect can be flexibly tuned by dynamically changing the electron doping level 
values of each BP patch. 
In the previous results, we only considered the CPA performance with TM-polarized wave. 
However, BP has uniquely strong in-plane anisotropic optical properties, which result from the 
arrangement of its atoms. Hence, it will be interesting to investigate the CPA performance of 
the proposed device under TE-polarized incident beams. In this case, the electric field of the 
incident plane waves will be polarized along the zigzag (y) direction of the BP patches. First, 
a single incident wave is launched. The computed reflection and transmission coefficients are 
not equal but very close to each other at the resonance frequency 8 THz, as it is shown in Fig. 
5.8(a). However, the computed absorption can reach 50% in this case, which is the most vital 
and prevalent point to achieve CPA. In addition, the phase difference between reflection and 
transmission coefficients is exactly 180° at this resonant frequency, indicating that the CPA 
effect can also be achieved for TE-polarized incident waves.  
 
Figure 5.8 (a) Transmission, reflection, and absorption coefficients, and the phase difference between the 
transmission and reflection coefficients, as a function of frequency for a single TE-polarized wave normally 
incident upon the CPA device. (b) Contour plot of the computed output coefficient Θ as a function of the 
frequency f and the electron doping level ns. The two counter-propagating TE-polarized incident waves have 
a fixed phase difference equal to ∆ϕ = 2nπ. 
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Next, we launch a second beam with the same TE polarization but from the opposite side. 
In order to achieve CPA, the electron doping level in this case is chosen to have a slightly larger 
value: 13 29 10sn cm
−= × , because BP has increased losses along its zigzag direction [91]. The 
tunability of the proposed CPA device under TE-polarized excitation is investigated in Fig. 
5.8(b). CPA ( )0Θ =  can be achieved when the electron doping level is larger than 
. Note that the increase of the electron doping level in the zigzag direction due to the TE-
polarized excitation has the same effect with the TM-polarized case, leading to blue shift in 
resonance frequency and broader CPA bandwidth. BP shows strong anisotropic characteristics 
in armchair (x) and zigzag (y) directions and its electron doping level can be tuned, making it 
possible to attain CPA for both polarizations and different doping levels. We emphasize that 
CPA can be achieved under both of TM-and TE-polarized illuminations with the currently 
proposed con-figuration, but under different doping levels. 
The CPA performance of the proposed device under oblique TM-polarized incident waves 
is further studied. We calculate the simulated spectra of the transmission, reflection, and 
absorption coefficients, and the phase difference between the transmission and reflection 
coefficients, under a single incident wave with an angle of 60°. The results are shown in Fig. 
5.9(a). The reflection and transmission coefficients are equal to each other at the resonance 
frequency of 9.4 THz, which is slightly shifted due to the oblique incident illumination. 
Meanwhile, their phase difference is exactly 180° at this frequency point. Clearly, it is 
demonstrated from Fig. 5.9(a) that the requirement to achieve CPA can be fulfilled with the 
proposed device even under 60° oblique incidence. 
In order to fully investigate the range of incident angles over which CPA can be obtained, 
we compute the output coefficient as a function of the incident angle ranging from 0° to 89° 
13 27 10 cm−×
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and the frequency varying from 2 to 14 THz. The computed contour plot is presented in Fig. 
5.9(b), where the omnidirectional CPA response of the proposed device is demonstrated. It is 
found that CPA can be achieved under incident angles as high as 70°. Omnidirectional CPA 
operation is another unique and very important feature of the proposed planar CPA device. 
 
Figure 5.9 (a) Transmission, reflection, and absorption coefficients, and the phase difference between the 
transmission and reflection coefficients, as a function of frequency f for a single TM-polarized wave incident 
upon the CPA device with an angle of 60°. (b) Contour plot of the computed output coefficient Θ as a 
function of frequency f and incident angle in the case of two counter-propagating incident waves with a fixed 
phase difference ∆ϕ = 2nπ. 
 
Graphene is the most widely-used 2D plasmonic material and has been studied in a variety 
of applications [226,227]. A similar bifacial metasurface design made of graphene is also 
expected to exhibit CPA performance. The envisioned graphene-based device is designed to 
resonate around 8 THz under TM-polarized incident waves just by slightly changing the 
dimensions of the presented structure. The lengths of each graphene patch and the period of 
the nanopatch array are changed to be Lx=Ly=360nm, and P=400nm, respectively. In addition, 
the conductivity of graphene is described by the Drude model [228] and its Fermi energy is set 
to be equal to 0.2 eV. We compute the output coefficient of the graphene metasurface and 
compare its CPA performance with the BP-based CPA device in Fig. 5.10. We find that more 
than 90% coherent absorption can be obtained over a broad bandwidth (1.5 THz) only in the 
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case of the BP-based CPA device, while a narrower bandwidth (0.5 THz) is achieved with the 
graphene-based CPA device. The bandwidth of the proposed BP-based device is three times 
larger compared to the graphene-based structure. Note that we have also investigated the CPA 
response of the graphene-based device under different Fermi levels (not shown here) and found 
that the Fermi level does not alter its CPA bandwidth, as it was also derived in [91]. The broad 
bandwidth CPA response of the BP-based device results from the unique anisotropic plasmonic 
properties of BP. 
 
Figure 5.10 Output coefficient Θ as a function of the frequency f under two incident counter-propagating 
TM-polarized waves with the same intensity and phase for the BP- (red line) and graphene- (black line) 
based CPA devices. 
 
5.4 Coherent perfect absorption based on graphene metasurfaces 
5.4.1 Asymmetric graphene metasurfaces 
We have compared the CPA bandwidth achieved with graphene-based and BP-based 
bifacial metasurfaces based on symmetric structures in section 5.3.3. It was concluded that the 
symmetric graphene-based bifacial metasurface design is not able to achieve broadband CPA 
response. In order to achieve broadband CPA performance with graphene, asymmetric bifacial 
graphene metasurfaces should be designed. The schematic of the proposed design based on 
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graphene is shown in Fig. 5.11, where the monolayer graphene is patterned into a periodic array 
of patch resonators with different dimensions at each side. Note that the asymmetry in 
reflection arises from the two different metasurfaces used in the bifacial design and will be 
utilized to facilitate the achievement of broadband and nonlinear CPA response and its 
amplifying performance.  
 
Figure 5.11 Schematic of the asymmetric bifacial metasurface made of different size periodic graphene 
patches. The inset presents the schematic of an ion gel-gating approach to dope the graphene and tune the 
asymmetric bifacial graphene metasurface response. 
 
5.4.2 Numerical simulation results 
In order to obtain CPA response, we first perform COMSOL simulations to optimize the 
proposed bifacial graphene metasurfaces. The period of the square unit cell is P= 7.6um, the 
side lengths of the graphene square patches on the back or front sides are L1=7.4um and 
L2=5um, respectively. The thickness of the dielectric layer between the two asymmetric 
graphene patch arrays is t=2um and its dielectric permittivity is ε = 2.25, similar to silica. The 
dielectric material used is lossless but improved CPA performance will be achieved in case a 
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lossy dielectric material will be utilized in the proposed metasurface design. Thinner dielectric 
layers can also be used but this will reduce the total asymmetry of the proposed structure, thus 
making the obtained CPA response more narrowband. Thicker dielectric layers will not 
significantly affect the presented broadband CPA response, as well as larger periodicity values. 
The Fermi level of the graphene monolayer is fixed to 0.4 eV. We will keep using the same 
parameters and normal incident angle illumination scenario during this section unless otherwise 
specified. In the case of a potential experimental characterization, the proposed design can be 
fabricated by using conventional fabrication techniques, such as chemical vapor deposition and 
electron-beam lithography [329,330]. In addition, ion gel with low relative permittivity of 1.82 
can be used to serve as the gate dielectric material on top of the graphene metasurfaces. Two 
gold gate contacts can be fabricated on the ion gel layers [53,118,331,332], as shown in the 
inset of Fig. 5.11, to apply voltage, dope the graphene, and, as a result, tune the bifacial 
metasurface response. Due to the thin thickness and low permittivity of the ion gel layers, their 
effect on the performance of the system was found to be negligible (not shown here) and is 
ignored in our simulations. 
To simulate the proposed graphene metasurface, we build a 2D COMSOL model since 
graphene has isotropic surface current distribution in the x-y plane and the used 2D model can 
greatly decrease the simulation time. Periodic boundary conditions are utilized in the x- and y- 
direction, while port boundaries are placed in the z-direction to create the counter-propagating 
incident waves. We compute the reflection, transmission, and absorption coefficient spectra of 
the presented structure under a single incident transverse magnetic (TM)-polarized wave at 
normal incidence. The results are shown in Fig. 5.12 for back (a) and front (b) side illumination. 
Note that the presented structure will also exhibit identical response to transverse electric (TE)-
polarized illumination, since square patches are used. Hence, the presented metasurface can 
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work for both polarizations, a major advantage for several potential applications 
[148,227,228,333]. Close to 50% absorption is achieved in a broad frequency range for both 
directions of the single incident wave, as it is shown in Fig. 5.12. The 50% absorption value 
limit demonstrates critical coupling. This is the maximum absorption that can be attained by 
an ultrathin symmetric subwavelength structure [334]. Note that thanks to the currently 
proposed extremely asymmetric design, the absorption in the case of front side illumination 
breaks the 50% absorption bound [122]. This effect lays the groundwork to realize the currently 
presented broadband CPA response. The transmission and reflection coefficients for back side 
illumination are T1 = 25.9% and R1 = 29.2%, respectively, at frequency 2.4 THz, while they 
are T2 = 25.9% and R2 = 21.4% for front side illumination at the same frequency. The 
transmission from both sides is identical because reciprocity is not broken with this 
configuration. However, reflection is different due to the structural asymmetry, leading to the 
presented nonlinear CPA response. 
 
Figure 5.12 Transmission, reflection and absorption coefficient spectra of the proposed structure excited by 
a normal incident TM-polarized wave impinging from the (a) back (Ein1) and (b) front (Ein2) directions.  
 
Next, we launch two counter-propagating TM-polarized incident waves from the front and 
back sides of the bifacial metasurface. We vary the phase difference ϕ  between the two 
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incident waves and compute the metasurface CPA response. The amplitude | α |, which is equal 
to the ratio of Ein1 over Ein2, is chosen to be approximately 0.9, to fulfill the CPA conditions 
described in section 5.2. The computed output coefficient, as a function of frequency and phase 
difference between the two input waves, is shown in Fig. 5.13(a). Nearly perfect absorption is 
obtained over a broad frequency range by using a wide phase difference ϕ range. Notable, the 
output coefficient is modulated from zero at the CPA frequency of 2.4 THz to 99.6% by 
adjusting the phase difference between the two incident waves, as seen in Fig. 5.13(a). Hence, 
the input signals are modulated from being completely absorbed by the proposed ultrathin 
device to passing almost unaffected (completely transparent device). This result can lead to 
several potential applications, such as planar THz modulators or graphene-based coherent 
photodetectors [140,335]. The modulation depth [279], defined as the ratio of the maximum 
output coefficient to the minimum one, can reach values as high as 5000, which is impressive,  
given that the thickness of the proposed device is 1/60 of the operating wavelength. The phase 
difference value of the two incident waves is fixed to ϕ = 10° to calculate the corresponding 
output coefficient only as a function of frequency. This particular phase value is chosen because 
it corresponds to the best absorption performance, where destructive interference between the 
two incident waves occurs. The result is shown in Fig. 5.13(b), where the broadband CPA 
response is obvious. Coherent absorption with large values ≥ 90% is obtained over a broad 
frequency range, from 2 THz to 3.5 THz, interestingly by using an extremely subwavelength 
thin structure. The broadband coherent absorption response is due to the hybridization and 
coupling of the narrowband resonant CPA responses of the front and back graphene 
metasurfaces with different side lengths L1 and L2, respectively. Thus, asymmetry in the 
structure is required to achieve a broadband CPA response since a symmetric bifacial graphene 
metasurface design will only exhibit CPA at a single resonant frequency point. 
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Figure 5.13 (a) (a) Output coefficient of the proposed device as a function of frequency and the phase 
difference of the two incident waves. The minimum output coefficient is obtained at the frequency of 2.4 
THz when using a phase difference of ϕ = 10°.  (b) Output coefficient as a function of frequency under phase 
difference ϕ = 10°. This result is the cross-section plot following the dashed line in caption (a).  
 
Tunability is a unique feature to graphene that enables dynamical control in the coherent 
absorption of the proposed device by controlling its Fermi level. In order to investigate the 
Fermi level’s effect on the CPA performance, we plot the distributions of the output coefficient 
when FE  varies from 0.05 to 0.95 eV and the incident frequency from both sides is swept from 
1 to 5 THz. The result is shown in Fig. 5.14(a). Note that the Drude expression of graphene 
conductivity still works in this THz frequency range, where interband transitions are absent. 
Furthermore, we keep using the same α  complex value α = 0.9ei·10º utilized to produce the 
results shown in Fig. 5.13(b), which defines the relation between the two counter-propagating 
incident waves. It is demonstrated in Fig. 5.14(a) that the Fermi level has a large impact on the 
output coefficient value. First, a substantial blue shift in the resonant frequency is observed as 
the Fermi level increases. This is in agreement with the general relationship between resonant 
frequency and Fermi level in graphene patches that can simply be expressed as /r Ff E L∝  
[227,336], where L is the side length of each graphene patch. Second, the Fermi level variation 
can alter the output coefficient at the resonance because it effectively changes graphene’s 
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properties. Finally, we derive from Fig. 5.14(a) that broadband CPA can be achieved between 
0.3 to 0.5 eV, which are moderate doping level values. Hence, impractically high doping 
graphene values are not required for the current tunable and broadband CPA design. As a result, 
it is not required to increase the applied gate voltage, which is proportional to the Fermi level 
values, significantly to obtain the presented broadband CPA performance. 
Next, we analyse the graphene’s DC mobility effect on the proposed asymmetric 
metasurface’s CPA response. This feature characterizes the electronic quality of graphene and 
determines the phenomenological scattering rate Γ  that can be affected by many factors, such 
as temperature, Fermi level and graphene sample quality [254]. Figure 5.14(b) shows the output 
coefficient of the proposed device as a function of DC mobility and incident frequency. We 
choose to vary the DC mobility from 0.05 to 1 m2/Vs even though it has been reported that 
mobility values higher than 20 m2/Vs are possible when extrinsic disorder in graphene’s 
exfoliation process is eliminated [253]. We keep the Fermi level constant and equal to EF = 0.4 
eV in the results presented in Fig. 5.14(b). It is obvious that the CPA resonance is almost 
constant when we vary the mobility from 0.05 to 1 m2/Vs. Moreover, the output coefficient 
decreases to zero for some frequencies when the mobility increases to 0.4 m2/Vs and beyond. 
Hence, CPA can always be obtained with mobility values higher than 0.4 m2/Vs. These relative 
low mobility values can be easily implemented by using conventional graphene exfoliation 
approaches. Hence, no special requirements are expected during the potential fabrication 
process of the proposed bifacial graphene metasurface. By inspecting the results in Fig. 5.14, 
we conclude that the most efficient way to modulate the CPA response of the proposed 
structure is to tune graphene’s Fermi level. 
128  
 
 
 
Figure 5.14 Output coefficient of the proposed device as a function of frequency and (a) Fermi level or (b) 
DC mobility of graphene.  
 
According to the theoretical analysis presented in section 5.2, the ratio value α  of the two 
counter-propagating input waves plays an important role in realizing the presented broadband 
CPA performance. Figure 5.15 confirms this conclusion and, interestingly, demonstrates that 
this ratio can control the CPA response in a nonlinear way due to the current structurally-
asymmetric metasurface design. Hence, we calculate the output coefficient as a function of 
frequency and the amplitude ratio |α| and the result is shown in Fig. 5.15(a). The phase 
difference between the two counter-propagating waves is fixed to 10º at this plot, similar to the 
value used in Fig. 5.3(b). Coherent absorption values ≥ 90% are obtained over a broad 
frequency range from 2.1 to 3.2 THz when the amplitude ratio is larger than the value 0.48. By 
using smaller amplitude ratios, greater difference between the two input waves exists, leading 
to weaker destructive interference. As a result, it is impossible to achieve CPA with small 
amplitude ratios. However, the small amplitude regime will be used to achieve the inverse 
counterpart of absorption, i.e., amplification, as it will be demonstrated later in this section.  
The effect of phase difference ϕ  is further investigated in Fig. 5.15(b). This figure 
illustrates the output coefficient as a function of the amplitude ratio |α| under dissimilar phase 
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difference values ϕ. In this case, the frequency of the two incident waves is fixed to 2.4 THz. 
The CPA performance is evident when the amplitude of the ratio and the phase difference of 
the incident waves are |α| = 0.9 and ϕ = 10°, respectively. Note that the ϕ = 0° case is also 
plotted in Fig. 5(b) and is found to have slightly higher output coefficient values compared to 
the ϕ = 10° scenario. The other interesting point is that perfect transmission can be realized 
with the same device by using dissimilar phase difference ϕ values. For example, the output 
coefficient can reach to 1 when the phase difference is ϕ = 180° and the amplitude ratio is | α | 
= 1.1, which is clearly depicted in Fig. 5.15(b). Interestingly, the proposed device can be tuned 
in a nonlinear fashion, as illustrated in Fig. 5.15(b), by varying both the amplitude and phase 
of the parameter α  computed by the ratio of the two counter-propagating input waves. This 
nonlinear tunable response is caused by purely light interference effects (light-light interactions 
[278]) and not due to the optical nonlinearity of the used materials, which is usually very weak 
and requires high input intensities to be excited. Note that the presented nonlinear response is 
a direct consequence of the proposed structure’s geometrical asymmetry and cannot be 
achieved by symmetric configurations. 
 
Figure 5.15 (a) Output coefficient of the proposed device as a function of frequency and amplitude ratio |α|. 
The phase difference is fixed to ϕ = 10°. (b) Dependence of output coefficient on the incident wave ratio 
| |α  and the phase difference ϕ. Nonlinear CPA response is achieved due to the asymmetric geometry of the 
proposed device.  
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When two different incident waves 1inE  and 2inE  illuminate the proposed device from both 
sides, asymmetric devices can reach and operate in the small-signal amplification regime, 
which is analogous to the field effect transistor (FET) amplifier operation but now working for 
light (all-optical operation) [337]. In this scenario, the intensity Iin2 of the incident wave Ein2 
from the front side is fixed and the intensity Iin1 in the other side plays the role of the small 
input signal, acting as a probe, which will be used to amplify the total output response. The 
output signal intensity Iout1 from the back side is computed to demonstrate the amplifying 
performance of the presented asymmetric device. The gain coefficient G of the proposed 
amplifier is defined to demonstrate the amplification response in a quantitative way. It is 
computed by the derivative of Iout1 with respect to Iin1 and is expressed as: G = dIout1/dIin1 [278]. 
This formula is combined with Eq. (2) and α = Ein1/Ein2, leading to the final gain coefficient 
equation: 
 21 1| | Re{ }/ | |,
iG r r t e ϕ α∗= +   (5.6) 
By inspecting the derived Eq. (5.6), it can be concluded that the gain coefficient G  can 
become infinitely large if α becomes infinitesimal small. This conclusion is consistent with the 
results obtained by full-wave simulations and shown in Fig. 5.16(a), where the gain coefficient 
is computed and plotted as a function of the amplitude ratio between the two input waves. In 
this case, the phase difference between the two incident waves is fixed to ϕ = 180º, where 
perfect constructive interference between the two incident waves is achieved leading to 
amplification, which is the inverse response compared to absorption that was caused due to 
destructive interference, as was shown before. The used frequency is f = 2.4 THz, where the 
maximum output coefficient is obtained, as it was demonstrated before in Fig. 5.15(b). 
However, we need to emphasize that the system will have no gain if α is reduced to zero. It is 
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worth noting that the gain can always be larger than 1 only when 0 < | α | ≤ 0.3, as verified by 
the zoomed-in inset plot in Fig. 5.16(a). Importantly, the phase response, defined as the phase 
difference between the input Ein1 and output Eout1 waves, is kept constant when the amplitude 
ratio | α | varies, as shown in Fig. 5.16(a) (dashed line), implying that the amplified output wave 
is always in-phase with the input signal, a very important functionality to achieve a successful 
amplification process. 
 
Figure 5.16 Gain coefficient and phase response between input and output waves as a function of the 
asymmetric amplitude ratio |α|. (b) Gain coefficient as a function of frequency by using a fixed ratio between 
the two input waves: α = 0.1ei*180°. 
 
 In order to further investigate the broadband nature of the obtained gain coefficient of the 
presented four-port amplification device, we calculate the gain response as a function of 
frequency. The result is presented in Fig. 5.16(b), where the ratio between the two input beams 
is fixed to α = 0.1ei·180º. The gain coefficient keeps its highest value (equal to 3) over a broad 
frequency range from 2.2 to 3.1 THz. Moreover, the gain can always be larger than one in an 
even broader frequency range from 1.3 THz to 5.9 THz. Hence, the THz signal can be amplified 
within the broad bandwidth of 4.6 THz, indicating that the proposed device can work as an 
efficient, broadband, and ultrathin all-optical amplifier. Finally, it is important to mention that 
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the presented broadband amplifying response is not possible to be achieved by using symmetric 
CPA devices. 
5.4.3 Transmission-line model 
In order to verify our simulation results presented in section 5.4.2, we analyze the proposed 
device with a transmission-line model [213]. The surface impedance of the graphene patch 
array can be calculated by [317]:  
 
0
,
( 1) ln{csc( ( ) / 2 )}i i g i
PZ j
L P P L P
π
σ ωε ε π
= −
+ −
  (5.7) 
where ε  is the permittivity of the dielectric layer and Li (i = 1, 2) is the side length of graphene 
patch on back and front sides, respectively, P is the period of the patch array. Equation (5.7) can 
be simplified as:   
 (2 ) 1[ ],i
i i eff
P PZ j
L D L D C
π πω
ω
Γ
= + −   (5.8) 
where 0(1/ ) ( 1) ln{csc( ( ) / 2 )}eff iC P P L Pπ ε ε π= + −  can be determined by the material and 
geometrical parameters of each graphene patch array. From Eq. (5.8), it can be derived that the 
proposed metasurface can be modeled by an R-L-C series circuit, as shown in Fig. 5.17. The 
wavenumber and characteristic impedance of the dielectric spacer layer are k = √𝜀𝜀k0 and Z = 
√𝜀𝜀Z0, respectively.  
We find that the proposed geometry is composed of two homogeneous surface impedance 
Z1 and Z2, which can be modeled using an equivalent two-port transmission-line network model 
shown in Fig. 5.17. It will be convenient to analyze this two-port network with a transmission 
(ABCD) matrix [213]. The electric fields I+ and O+ on the back side are linked to the waves 
and  on the front side through the transmission matrix M via the formula [199]: 
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According to ABCD matrix, the matrix M can be written as: 
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  (5.10) 
where x = kt, Z1 and Z2 are the total impedance of the graphene patch on the back and front 
sides, respectively, and Z is the characteristic impedance of the dielectric spacer layer. As a 
result, after some derivations, the reflection and transmission coefficients of the proposed 
bifacial metasurface from back and front illumination directions are r1, t1 and r2, t2, respectively, 
which can be computed by:  
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Figure 5.17 The transmission-line model of the proposed graphene-based CPA device, where k and Z are the 
wave number and the characteristic impedance of the dielectric layer used in this device, respectively. 
 
The absorption coefficient is computed by the formula: 2 21 | | | |A t r= − − . Then we 
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calculate the reflection, transmission, and absorption coefficients with the structure parameters 
used in the simulations. The dielectric permittivity is ε = 2.25. The Fermi level of graphene 
patch is 0.4 eV. The results are shown in Figs. 5.18(a) and (b) for illuminations from back and 
front sides, respectively. We can achieve close to 50% absorption over a broad frequency range 
for both directions of the incident single beam, as it can be seen in Figs. 5.18(a) and (b). The 
small difference between the theoretical and simulation results can be attributed to the coupling 
between two graphene patch arrays, which are not considered in the theoretical analysis, as 
well as the finite-size mesh used during the full-wave modeling.  
Then, we can analytically calculate the output coefficient Θ by substituting the computed 
reflection and transmission coefficients obtained by the transmission-line model into Eq. (5.2)
. The results are shown in Fig. 5.18(c), where the phase difference is fixed at ϕ = 10º, similar 
to the result in section 5.4.2. We can clearly see that almost perfect absorption can be obtained 
over a wide frequency range from 2.6 to 3.4 THz. This broadband response is due to the 
extremely subwavelength thickness of the structure, which is only around λ/50. 
 
Figure 5.18 (a)-(b) The computed transmission, reflection and absorption spectra of the proposed design 
illuminated at normal incidence from back and front sides, respectively. (c) The computed output coefficient 
as a function of frequency by using a phase difference of 10°. 
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5.5 Conclusions 
In this chapter, we designed two ultrathin, broadband, and tunable THz CPA devices based 
on bifacial BP and graphene metasurfaces. We theoretically analyzed both of the two THz CPA 
devices and verified their performance by performing full-wave simulations. By calculating 
the output coefficient of the design under two counter-propagating waves, we proved that 
broadband CPA can be achieved with the proposed configurations. The CPA condition can be 
controlled by varying the phase difference between the two incident waves. The broadband 
functionality of the BP-based CPA device is based on the unique dispersion properties of the 
BP material, while the broadband response of the graphene-based CPA bifacial metasurface is 
based on its asymmetric structure. 
The proposed BP-based CPA device has several unique features that cannot be found in 
other CPA devices proposed in the literature: (1) It is extremely thin with subwavelength 
thickness on the order of λ0/1500 − λ0/2000, where λ0 is the operation wavelength. Moreover, 
the proposed device can work as CPA even when the thickness of the dielectric layer 
approaches extremely small values (1 nm). The ultrathin dielectric layer, combined with the 
two BP one-atom thick patch arrays, leads to an extremely thin CPA design. (2) In addition, it 
can have broadband operation, which is due to the unique plasmonic properties of monolayer 
BP. (3) Moreover, the presented CPA response is tunable and can be achieved by illuminating 
the structure under different polarized incident waves or for different doping levels. (4) Finally, 
the proposed CPA device can operate efficiently for a broad range of incident wave angles.  
Asymmetric bifacial graphene metasurfaces can also realize broadband CPA devices with 
unique features. Firstly, the reflection spectra is different from the opposite sides of these 
devices under single wave illumination because of the asymmetric light interference. Secondly, 
the CPA response can be obtained over a broad frequency range from 2 THz to 3.5 THz and 
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leads to ≥90% coherent broadband absorption when two counter-propagating incident waves 
are considered. Thirdly, the CPA response is tunable by dynamically controlling the Fermi 
level and the DC mobility of graphene. Finally and more importantly, nonlinear CPA response 
and amplification performance are obtained based on the proposed ultrathin design. The 
designed asymmetric bifacial graphene metasurfaces can amplify the signal in an efficient way 
and over a broad frequency range. 
All these unique advantages of both CPA devices based on BP and graphene, combined in 
a single ultrathin bifacial metasurface design, make the proposed structures ideal candidates to 
be used in the design of planar THz modulators, switches, detectors, and signal processors. We 
believe that the presented theoretical results will stimulate the interest of several experimental 
groups that will fabricate the proposed CPA structures and measure their unique THz CPA 
response. 
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CHAPTER 6. POTENTIAL EXPERIMENTAL VERIFICATION 
In this thesis, all the devices are investigated with analytical methods or numerical 
simulations. However, the experimental verification of the proposed devices is feasible and 
will be vital for their practical applications. Graphene has been synthesized by several methods 
that include exfoliation of graphite, opening of carbon nanotubes, growth from metal-carbon 
melts, the reduction of carbon dioxide, chemical vapor deposition (CVD), and reduction of 
graphene oxide. As we have demonstrated in Chapter 1, the mechanical exfoliation is unable 
to produce large graphene sheets and also has low throughput. The CVD method can produce 
large areas of single layer graphene for mass production. In fact, in the majority of relevant 
experiments, graphene is grown by using the CVD method. For example, in Shi’s work [117], 
they fabricated the gold slit arrays using standard photolithography followed by electron-beam 
(e-beam) evaporation of 5 nm/80 nm Ti/Au and lifted off and grew a graphene sheet on copper 
foil using the CVD method. Then, they transferred the graphene sheet on top of the gold slit 
arrays. The source, drain, and gate electrodes were fabricated by evaporating 5/50 nm Ti/Au 
through a shadow mask. The schematic of this device is shown in Fig. 6.1(a). Another example 
is shown in Fig. 6.1(b), where the graphene sheet was also grown on 50um thick Cu foil using 
the CVD method [131]. Here, the Cu foil was etched away in an iron chloride solution and the 
graphene sheet was transferred to a suspended SiNx membrane. Next, the back-reflector gold 
substrate was evaporated on the back of the membrane by electron beam deposition. The 
chemical or thermal reduction of graphene oxide is another mass production method that is 
most commonly employed due to its high cost-effectiveness.  
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Figure 6.1 (a) Schematic of the graphene/metasurface hybrid device. (b) Schematic of graphene-tuned 
antenna arrays.  Reproduced from [117,131].   
 
After the preparation of large-area graphene films, patterned graphene structures can be 
further designed by using e-beam lithography and oxygen plasma etching. With this technique, 
large-area graphene films can be patterned into nanoribbon or nanodisk arrays, as shown in 
Figs. 6.2(a) and (b), respectively [53,338]. Moreover, more complicated shapes, such as chiral 
graphene unit cells periodically arranged to create metasurfaces [339], can also be patterned by 
using a mask aligner[340]. In Fig. 6.2(a), large-area graphene was transferred to SiO2/silicon 
or diamond-like-carbon (DLC)/silicon substrates before using electron-beam lithography and 
oxygen plasma etching technique to pattern the graphene sample. In this structure, the graphene 
sample was hole-doped with a Fermi level of approximately -0.3 eV and the Fermi level could 
be decreased further to below -0.5 eV by exposing it to nitric acid vapor for 10 min. Various 
doping level values can be achieved by adjusting the doping and baking times. The same 
technique was employed in the fabrication of the structure of nanodisk arrays in Fig. 6.2(b). 
Here, the indium tin oxide (ITO) and ion gel layer thicknesses were determined through 
ellipsometry. In this structure, the Fermi level of the graphene nanostructure could be tuned 
from 0.2 to 0.6 eV by applying a bias voltage from 0.2 to 1.73 V between the top gold gate and 
the ITO bottom gate. The top gold gate electrodes can be evaporated thermally through shadow 
masks [341].  
139  
 
 
 
Figure 6.2 (a) Schematics of the experiment for the mid-infrared transmission measurement from graphene 
nanoribbons. (b) Schematics of the electrical and geometrical tunability of graphene nanodisk arrays.  
Reproduced from [53,338].  
 
Our proposed devices to achieve polarization conversion and CPA shown in Figs. 6.3(a)-
(c) can be fabricated by using the techniques discussed above. Large scale graphene film will 
be grown by using the CVD method and then patterned with e-beam lithography and oxygen 
plasma etching techniques on the dielectric substrate. For the CPA bifacial metasurface device, 
we can employ this technique twice on both sides. The thickness of the dielectric layer can be 
measured through ellipsometry. In addition, gold gate can be deposited by using the e-beam 
evaporation technique and used to control the carrier density of the graphene sheet, as shown 
in Fig. 6.3(d) [298]. We can measure the reflected or transmitted light intensities from different 
sample regions using a Fourier transform infrared (FTIR) spectrometer coupled to an infrared 
microscope. In Figs. 6.3(a) and (b), FTIR should be used in conjunction with a broadband 
polarizer.  
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Figure 6.3  (a) The currently proposed device consisting of rectangular graphene patch arrays to achieve 
circular polarizers. (b) The proposed device consisting of L-shaped graphene patch arrays to achieve cross-
polarization conversion. (c) Unit cell of the currently proposed device consisting of square graphene patch 
arrays to form a bifacial metasurface to achieve broadband CPA. (d) Schematic showing an experimental 
method to apply gate bias to a graphene layer. Reproduced from [298].  
 
In Chapter 3, we proposed hyperbolic metamaterials, composed of stacked graphene sheets 
separated by thin dielectric layers. The fabrication of the multilayer structure should consist of 
multiple layer deposition steps and a single lithography step. In Yan’s experiment [57], 
graphene/insulator stacks were successfully fabricated, as shown in Fig. 6.4(a). They firstly 
grew graphene on copper foils at temperatures up to 1000°C by CVD of carbon using a mixture 
of methane and hydrogen, followed by the transfer to alternative substrates, such as SiO2/Si or 
glass. The transferring process is shown in Fig. 6.4(b) [342]. The quartz substrates were spin 
coated with 20 nm of commercially available organic buffer layer before performing the 
transfer. Then another buffer layer was spin-coated before the subsequent transfer, in order to 
minimize the impact of the quartz substrate. Finally, the transfer process was repeated until a 
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desirable layer number was achieved. Our proposed structure can be fabricated with the same 
method as they employed in Figs. 6.4(a) and (b). However, the graphene sheets we utilized 
here (Fig. 6.4(c)) were photoexcited and an external continuous-wave (CW) laser optical 
excitation was always required to pump the graphene and, as a result, keep it in an active state.  
 
Figure 6.4  (a) Fabrication process of a multilayer patterned graphene structure. (1) Coating of the polymer 
buffer layer. (2) Deposition of wafer-scale graphene. (3) Doping of the graphene and (4) patterning of the 
multilayer device into the desirable structure. (b) Schematic diagram of the transferring process by highly 
oriented pyrolytic graphite (HOPG) microcleaving. (c) Our proposed multilayer structure consisting of 10 
layers of graphene sheets and dielectric layers. Reproduced from [57,342]. 
 
The challenge here is that we need to determine the wavelength of the CW laser irradiation 
according to the method we employed to grow the graphene sheet. Similar to the structure in 
Fig. 6.4(a), we can use a Nicolet-8700 FTIR spectrometer in combination with a liquid-helium-
cooled silicon bolometer to perform the transmission measurements. By calculating the 
extinction ratio 1-T/T0, where T and T0 are the transmissions through the graphene area and 
through a reference area without graphene, we can record the transmission spectra. We can use 
the same method to obtain the reflection spectra. In this way, the absorption spectra can be 
computed.  
In addition, Chang et al. [343] reported the experimental realization of graphene hyperbolic 
metamaterials in mid-infrared frequencies. In this work, they proposed a multilayer structure 
that was composed of five periods of alternating graphene and Al2O3 layers, as shown in Fig. 
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6.5, which was similar to the metal-dielectric multilayers commonly used in creating visible 
wavelength hyperbolic metamaterials. They used the CVD method to grow large-area graphene 
on copper foil that could be transferred onto arbitrary surfaces using polymethylmethacrylate 
(PMMA) as the carrier material. Then graphene was doped by soaking it in a 0.25 mM solution 
of Tris (4-bromophenyl) ammoniumyl hexachloroantimonate ‘magic blue’ in dichloromethane 
for 10 min, followed by rinsing with dichloromethane.   
 
Figure 6.5 Schematic of the graphene-dielectric multilayer structure that works as hyperbolic metamaterial 
at mid-infrared frequencies. Reproduced from [343].  
 
In this work, an Al2O3 dielectric layer was chosen because it has low loss at the mid-infrared 
wavelengths up to 8um. The Al2O3 dielectric layer was deposited by the atomic layer deposition 
(ALD) at 150 °C using trimethylaluminium as the Al precursor and H2O as the oxygen 
precursor. They used an ellipsometer to characterize the thickness of the Al2O3 layer on 
graphene, which was found to be around 10 nm, controlled by calibrating the number of cycles 
used in the ALD process. In their experiment, it was also confirmed that the chemical doping 
with Tris (4-bromophenyl) ammoniumyl hexachloroantimonate does not affect the Al2O3 layer 
and substrate. Another important step was that the graphene-dielectric multilayer structure was 
characterized with the Woollam M-2000 ellipsometer after the deposition of each Al2O3 layer 
and the transferring of each graphene layer. After fabricating graphene HMM successfully, 
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they also measured their effective anisotropic permittivities by using infrared ellipsometry to 
characterize these metamaterials.  
Recently, broadband strong light absorption was achieved experimentally spanning the 
entire solar spectrum [344]. In this work, a 12.5 cm2, 90-nm-thick graphene hyperbolic 
metamaterial was fabricated, consisting of alternating graphene and dielectric layers, as shown 
in Fig. 6.6. They used solution-based layer-by-layer self-assembly, combined with a direct laser 
writing method to fabricate the device that was inexpensive and allowed large-area fabrication. 
The first step was the deposition of the silver mirror and the SiO2 spacer on a substrate by using 
physical vapor deposition. Then, the wet chemical self-assembly technique was used to 
fabricate the graphene-based metamaterial layers, where negatively charged graphene oxide 
(GO) layers and positively charged polydiallyldimethylammonium chloride (PDDA) sheets 
were alternately deposited due to the static electric force. The GO layer thickness was 
controlled by the concentration of the GO solution and the layer thickness of the GO flakes in 
the solution, and the dielectric layer thickness was controlled by the dielectric material choice. 
In addition, an atomic force microscope was used to measure the thickness of each layer and 
the surface roughness. 
 
Figure 6.6  Fabrication process of graphene-based hyperbolic metamaterials.  Reproduced from [344]. 
 
The next step was the grating fabrication, which was performed by using a tightly focused 
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femtosecond laser beam, as shown in the right of Fig. 6.6, where a 0.8 numerical aperture (NA) 
objective lens was used to focus λ=800nm, 100 fs laser pulses. At the same time, the beam also 
reduced the GO thickness. The removal of oxygen-containing groups and the recovery of the 
sp2 graphene network was demonstrated by measuring the X-ray photoelectron spectroscopy 
(XPS) spectra. The material reduction was controlled by the laser power due to the photo-
thermal effect. The oxygen-containing groups were nearly completely removed and the GO 
layers were converted to graphene-like material when high enough power was applied in this 
step.  
They experimentally measured the reflectance of 60×60µm2 samples using a FTIR 
spectrometer with an optical microscope set-up and studied the angular absorption with a 15×, 
0.4NA wide-angle reflection microscope objective, as shown in the inset of Fig. 6.7. The 
specular reflection (R) was measured over an optical cone ranging from θ1=12° to θ2=23.6°, 
and the absorptivity was determined through A=1-R, because the silver bottom reflector 
prevented light transmission. A near-infrared polarizer was used to control the polarization of 
the incident light. The measured absorptivity for the TE and TM polarizations and for 
unpolarized light was shown in Fig. 6.7. In order to confirm that the grating was essential to 
achieve high absorptivity, they also measured the absorptivity of the metamaterial without a 
grating, which was found to only be approximately 10% for unpolarized light. The fabrication 
method on a flexible substrate and the robustness stemming from graphene make it suitable for 
industrial use, and for applications that require conformal coverage, such as concealment.  
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Figure 6.7  Measured absorptivity spectra (solid curve) for the TE and TM polarizations and for unpolarized 
light. Dashed curves show the calculated absorptivity spectra. The inset is the schematic of the TM and TE 
polarizations definitions, and the light cone of the reflective objective lens used for the FTIR measurement.  
Reproduced from [344].  
 
As we have demonstrated in Chapter 1, graphene can be structured into different shapes 
such as micro/nano-ribbons and disks where tunable plasmon resonances can be excited in the 
THz and infrared frequencies. Generally, patterned graphene structures can be fabricated with 
e-beam lithography and oxygen plasma etching. However, self-assembly of graphene 
nanoribbons has been reported in 2015, induced by nitrogen-doping [345]. In this work, they 
used substitutional doping with nitrogen atoms to trigger the hierarchical self-assembly of 
graphene nanoribbons (GNRs) into ordered structures. The synthesis was through atomically 
precise bottom-up approaches involving surface-assisted or solution polymerization of 
molecular precursors, followed by cyclodehydrogenation. As shown in Fig. 6.8, the interaction 
of doped GNRs is studied by comparing N-doped chevron-like GNRs with eight N atoms per 
unit cell (referred to as 8NGNRs) with pristine, undoped chevron GNRs (P-GNRs). 
Figure 6.8(b) shows the basic scheme of the bottom-up synthesis of P-GNRs and 8N-GNRs 
on surfaces (here Au(111)) and in solution. In both cases, the precursor monomers, 6,11-
dibromo-1,2,3,4-tetraphenyltriphenylene (C42Br2H26, 1) and 5,5′-(6,11-dibromo-1,4-
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diphenyltriphenylene-2,3-diyl)- dipyrimidine (C38Br2N4H22, 2) polymerize after 
dehalogenation and are subsequently converted into planar, chevron-type GNRs by an 
additional cyclodehydrogenation step. In case 2, two phenyl groups are substituted by 
pyrimidinyls to achieve a doping by eight nitrogen atoms per unit cell of the planar GNRs. On 
Au(111), the metal substrate catalyzes both the thermal dehalogenation and 
cyclodehydrogenation at elevated temperatures, whereas suitable chemicals (Ni0, FeCl3) 
introduced into the solvent perform the analogous function in the solution synthesis of GNRs.  
 
Figure 6.8  Atomically precise bottom-up synthesis of P-GNRs and 8N-GNRs on a surface and in solution. 
(a) Structure of the precursor monomers 1 and 2. (b) Assembly into chevron-type GNRs on a Au(111) surface 
(top) and in solution (bottom).  Reproduced from [345].  
 
Combining graphene with metallic or dielectric metasurfaces exhibits lots of advantages. 
Graphene-based devices are more flexible and can be made very small which can be employed 
in on-chip integrated photonic circuits. Moreover, graphene-based devices can work in THz 
frequencies, an overwhelming advantage over traditional devices that usually work in visible 
and near-infrared frequencies. However, there are still some challenges in the area of graphene 
based materials. For example, the electrical performance of graphene-based devices is largely 
limited by substantial contact resistances at the heterodimensional graphene–metal (G-M) 
junctions. Keramatnejad et al. [346] in 2017 proposed to employ a laser-assisted nanowelding 
technique to reduce graphene–metal contact resistance and improve carrier injection in 
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suspended graphene devices. The laser-irradiation step was carried out using a CW laser with 
a wavelength of 514 nm and the fluence was set at 6.24 × 109 J cm−2. The graphene channel 
was studied before each step of the experiment using AFM and the height of the graphene was 
around 27 nm, confirming the suspended structure of graphene. As shown in Fig. 6.9(a), the 
edges of the graphene at the G–M interfaces were irradiated and the value of RC was calculated 
by 
2( ) / 2C P ChR R R W= + ×  , where R2P is the two-point resistance, RCh is the channel resistance 
obtained from four-point measurement, and W is the width of the graphene channel. The 
average value of RC for samples of various AC after each step is shown in Fig. 6.9(b). It was 
found that the improvements observed were far more substantial for the laser-irradiated devices 
and RC could reduce to 2.57 Ω  µm at AC  = 3.3 µm2, which was less than 16% of its pristine 
value after the annealing step. The improvements in the electrical performance of the suspended 
graphene devices indicate the potential for the laser-assisted nanowelding method to be 
integrated into future process flows to fabricate graphene devices.  
 
Figure 6.9 (a) Top: schematic of the laser-irradiation step at the edges of graphene, indicated with green 
lines. Bottom: the optical image taken from a typical four-point probe suspended graphene device (scale bar 
= 5 µm). (b) The calculated RC values along with their experimental uncertainties obtained after each step 
of the laser-assisted nanowelding process for various device sizes.  Reproduced from [346].  
 
In addition, graphene-based structures are quite fragile and easily broken during practical 
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applications. To improve their stability, surface modification is always necessary in order to 
expand the applications of graphene metasurfaces. In view of this issue, the fabrication 
techniques of large-scale graphene-based devices and structures are still not mature. Expanding 
the volume of the furnace which can contain larger graphene sheets and promoting the 
uniformity of graphene may be some future methods to overcome these challenges. Different 
fabrication methods should be selected according to various applications. The challenges to 
fabricate practical graphene-based devices are ongoing and will require continued innovative 
studies and further research. 
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CHAPTER 7. CONCLUSIONS AND OUTLOOK 
The objective of my research work in this thesis is to explore the applications of graphene 
and other 2D material patterned to obtain metasurfaces that exhibit unique characteristics. 
Traditional metasurfaces utilize engineering metallic nanostructures to introduce desired phase, 
amplitude, or polarization profiles in the reflection or transmission mode. Metallic 
nanostructures can support strong surface plasmon resonances at optical frequencies and the 
plasmonic response becomes less pronounced as approaching the mid-infrared or THz 
frequencies because of the weaker interaction between electromagnetic waves and electrons. 
Graphene has emerged as a promising, alternative candidate for plasmonics at THz and mid-
infrared frequencies. Moreover, it has been demonstrated that graphene has a tunable Fermi 
level. This unique property makes graphene a promising material for tunable optical devices. 
More importantly, graphene is a monolayer of carbon atoms arranged in a hexagonal lattice. 
Devices based on graphene metasurfaces have a very small size and as a result, they usually 
exhibit ultra-broadband response. Considering all the advantages of graphene metasurfaces, in 
this thesis, research efforts are focused on the tunablity and small size of graphene-based 
devices operating in THz frequencies.   
In this thesis, the basic properties and ways to prepare monolayer graphene and other 2D 
materials are introduced. The electromagnetic applications of graphene metasurfaces and 
nonlinear graphene metasurfaces are reviewed. These works on graphene based THz absorbers, 
THz amplifiers, and CPA are studied by using analytical and simulation methods. The study of 
graphene metasurfaces, including their design, analysis, and potential experimental 
demonstration, is conducted and new graphene-based devices are introduced, such as THz 
absorbers, THz amplifiers, and CPA. In addition, enhanced nonlinear effects have been 
demonstrated based on hybrid graphene and metallic gratings.  
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In chapter 2, we designed ultrathin broadband linear-to-circular or elliptical polarizers and 
cross-polarization converters operating at THz frequencies. Compared to previous works, the 
proposed THz polarizers have an ultrathin thickness and can work over a wide frequency range 
and for different angles of the incident waves. In addition, their properties can be dynamically 
tuned along the entire THz frequency spectrum without changing their geometry and just by 
electrostatically gating graphene. Owing to their simple, compact, and tunable design, the 
proposed graphene-based broadband polarizers are envisioned to become the building blocks 
of future integrated THz systems. 
In chapter 3, a lasing graphene HMM device based on patterned photoexcited graphene-
dielectric multilayers was investigated. Our analytical and simulation results showed that super 
scattering or coherent lasing emission can occur in the THz frequency range, and the 
geometrical parameters and quasi-Fermi levels of the presented graphene HMM can strongly 
affect the THz lasing operation frequency. Moreover, tunable THz amplification in a broad 
frequency range is achieved by controlling the optical pumping and the loaded dielectric 
materials, without changing the proposed HMM structure dimensions and geometry. These 
unique properties have great potential for THz amplification, emission, and sensing 
applications. The presented device has an extremely subwavelength thickness, making it an 
ideal candidate to be used as a compact THz source in the envisioned THz on-chip integrated 
photonic circuits.  
In chapter 4, we demonstrated enhanced nonlinear THz effects based on a new hybrid THz 
planar nonlinear device composed of a graphene monolayer placed over a metallic grating. This 
strong nonlinear response is mainly from the localization and enhancement of the electric field 
at the absorption resonance of the proposed structure, as well as the large nonlinear 
conductivity of graphene at THz frequencies. Our simulation results show that the efficiency 
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of nonlinear processes can be dramatically enhanced by many orders of magnitude compared 
to other conventional non-hybrid metallic gratings and substrates. Moreover, the nonlinear 
response could be dynamically modulated without altering the geometry of the proposed device 
and just by varying the graphene doping level. In addition, the efficiencies of nonlinear 
processes can be further improved by increasing the input intensity of the incident waves. 
Several new nonlinear THz devices are envisioned on the basis of the proposed hybrid 
nonlinear structures, such as frequency generators, all-optical signal processors, and wave 
mixers. These devices are expected to be useful for nonlinear THz spectroscopy, noninvasive 
THz subwavelength imaging, and THz communication applications. 
In chapter 5, we designed two ultrathin, broadband, and tunable THz CPA devices based 
on bifacial BP and graphene metasurfaces. We theoretically analyzed both of the two THz CPA 
devices and verified their performance by performing full-wave simulations.  In order to 
achieve broadband CPA performance with graphene, asymmetric bifacial graphene 
metasurfaces were designed. By calculating the output coefficient of these designs under two 
counter-propagating waves, we proved that a broadband CPA can be achieved with these 
proposed configurations. The CPA condition can also be controlled by varying the phase 
difference between the two incident waves. More importantly, the performance of both CPA 
devices can be tuned by changing the doping level of graphene or BP material. The presented 
CPA devices can be used in the design of tunable planar THz modulators, all-optical switches, 
detectors, and signal processors. 
In summary, this thesis has extended the graphene’s applications in diverse electromagnetic 
areas by designing tunable ultrathin polarizers and amplifiers, as well as graphene and BP based 
coherent perfect absorbers. Moreover, we demonstrated enhanced nonlinear effects, THz 
amplification that can be used in emission, sensing, modulation, communication, detecting, 
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signal processing, and nonlinear THz spectroscopy applications, to name a few. These diverse 
application range proves that the potential of the emerging 2D materials is much broader and 
can benefit several electromagnetic areas, with more to be expected in the future. Some 
potential interesting future work is listed below:   
1. The fabrication and experimental verification of the proposed devices designed in Chapter 
2-5 will be a natural future work. In particular, the ultrathin broadband THz polarizers made 
of rectangular or L-shaped graphene patch arrays and perfect absorbers with bifacial 
metasurfaces or hybrid graphene-covered metallic gratings are designs that can be 
fabricated. Moreover, their response can be tuned by applying a gate voltage which can be 
very useful in THz detection and sensing. The hybrid graphene-covered metallic gratings 
can greatly enhance the nonlinear effects by many orders of magnitude.   
2. The creation of surface plasmons is of paramount importance for all graphene works in 
THz and infrared frequencies. However, we may achieve further potential applications if 
their plasmon working frequencies can be extended to near-infrared or even visible 
frequencies, for example by introducing extremely high and nondestructive doping in 
graphene, or making graphene–metal hybrid structures. The hybrid graphene-covered 
metallic gratings presented in chapter 4 and investigated in THz frequencies can serve as a 
starting point design. By taking the advantage of graphene’s high tunability and varying 
the gratings geometry, such hybrid structure may present versatile properties and 
functionalities in the visible and near-infrared regions. 
3. Graphene metasurfaces have shown excellent advantages in making wideband, flexible, 
and lightweight polarizers and absorbers. The research on polarizers and absorbers on 
further extending their bandwidth, covering the whole THz frequency range, is priority for 
future research. We may consider to use multilayer graphene-based structures to achieve 
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this aim. 
4. The design of magnet-free nonreciprocal devices has attracted a lot of interest [347–349]. 
Based on the concept of angular-momentum biasing to a circuit composed of triads of 
resonant graphene patches, magnet-free nonreciprocal graphene metasurfaces can be 
designed and work as compact and efficient circulators at THz frequencies. This design 
will show the great potential of graphene for the design of modulated devices at THz 
frequencies, and point towards a new direction of non-reciprocity through spatiotemporal 
modulation of the loss properties of materials. 
5. In this thesis, we focused on the applications of graphene-based devices. Except of 
graphene, many 2D materials, such as BP, h-BN, TMDs, molybdenum disulfide, and 
topological insulators, also demonstrate similar or even improved electrical and optical 
properties which can be used to explore the tunable collective optical devices. To prove 
this point, we should perform the simulations first by investigating graphene/hBN, 
graphene/TMDs or TMD/hBN, and many other heterostructures. 
6. Electromagnetic topological edge states in bilayer graphene structure have been 
experimentally demonstrated and topologically protected edge states have been reported 
[350–352] theoretically in graphene plasmonic crystals due to inversion symmetry broken 
in the system by a static magnetic field or by tuning the chemical potential of different 
graphene nanodisks. It would be possible to apply the presented enhanced nonlinear effects 
to achieve similar functionalites, but now achieved without using external biases, and to 
further control the resulted edge states. 
7. The localized surface plasmons in graphene are very attractive and can enhance the local 
electrical field, as a result, greatly increase the absorption or nonlinear response. More 
experimental work should be carried out to explore these new functionalities. To explore 
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commercial applications, the cost and complexity of the system should be reduced.  
8. Generally, loss is a parasitic effect that degrades the performance of devices. We should 
think out some applications to make use of the inevitable loss of graphene, for example, in 
the design of nonreciprocal graphene metasurfaces, the loss of graphene can help to achieve 
a higher nonreciprocal level. In addition, the photoexcited active graphene metamaterials 
presented in chapter 3 can be used to compensate the loss of graphene plasmonic structures. 
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APPENDIX  
A. Simulation method 
A1. COMSOL Multiphysics 
COMSOL Multiphysics [172] provides a simulation platform that encompasses all of the 
steps in the performed modeling workflow — from defining geometries, material properties, 
and the physics that describe specific phenomena to solving and postprocessing models for 
producing accurate and trustworthy results. COMSOL follows the finite element method 
(FEM) and solves problems numerically by creating a computational mesh. FEM is the ideal 
numerical technique to simulate optical nonlinear effects because it does not suffer from 
numerical instabilities, which are common problems in time-domain numerical methods, such 
as FDTD. In addition, it uses a tetrahedral mesh that produces more accurate results when 
curved geometries are needed to be simulated and it is faster and less memory-intensive 
compared to other numerical techniques.  
COMSOL Multiphysics is an ideal tool to investigate applications of the unusual properties 
of graphene since it allows arbitrary expressions and functions to be entered manually in the 
software to accurately define any material properties required by the model.  
 
A2. Simulations of graphene 
Graphene is modeled as a surface current due to its planar ultrathin 2D nature, which is 
described by g FFJ Eσ=  and 
(3) 3
g TH FFJ E Eσ σ= +  when it is used in the linear and nonlinear 
simulations, respectively. The FFE  and THE  are the electric fields induced at the fundamental 
frequency (FF) and the third harmonic (TH) frequency, respectively. Note that these fields are 
monitored along the entire surface of graphene. 
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A3. COMSOL model 
For periodic system, we usually employ periodic boundary conditions (PBC) at the x- and 
y- directions and port boundaries are placed up and down in the z-direction to create the 
incident plane wave, as shown in Fig. A1. Here, we use the hybrid graphene-covered metallic 
grating as an example. For illumination with a transverse magnetic (TM) polarized wave, the 
magnetic field is in the y-direction. For transverse electric (TE) polarized wave, the electric 
field is in the y-direction. 
 
Figure A1 (a) Schematic of the hybrid graphene-covered gold grating and (b) its simulation domain in 
COMSOL. The used PBC and port boundaries are shown with green and light blue lines in (b), respectively. 
The red line represents the graphene, which is modeled as surface current in the simulations. The yellow and 
gray areas represent gold and air, respectively. 
 
We use the S-parameter calculations to obtain reflection and transmission coefficients. This 
calculation method in COMSOL is the same with the definition from power flow. The 
definitions of reflection and transmission coefficients in terms of the power flow are 
11
1
1
power reflected back to portS
emitted power from port
=  and 21
2
1
power transmitted to portS
emitted power from port
= , 
respectively. The power delivered to each port (either by reflection or transmission) is 
157  
 
 
calculated by 1 Re{ }
2C C
P S n E H n∗= = ×∫ ∫
  
 
 
, where S

 is the time-averaged Poynting vector, 
C is the boundary curve of each port, n  is the boundary norm vector, E

 is the electric field 
vector, and H

 is the magnetic field vector along the ports. The emitted power from port 1 can 
be fixed. This value is defined during our COMSOL simulations and can be varied for the 
nonlinear simulations. The reflection coefficient is equal to 11SΓ =  and the transmission 
coefficient is 21T S= . The squared amplitudes of the reflection and transmission coefficient 
values give the reflectance 2Γ  and transmittance 2T  of the proposed system. The total 
absorptance can be calculated by the formula 2 21A T= − Γ − .  
 
A4. Response of flat substrate with and without graphene 
Surface plasmons excited at bounded dielectric-metal geometries are called localized 
surface plasmons (LSP) [353]. They have been reported to play an important role to enhance 
absorptance in metallic gratings [354,355]. We have also verified this property by analytically 
calculating the absorptance of an optimized gold grating under normal incidence, which is 
shown by the green line in Fig. 4.1(b) in Chapter 4. Moreover, high enhancement of the electric 
field is obtained at the LSP resonance frequency (see inset of Fig. 4.1(b)) that can be utilized 
to boost the total absorptance of graphene [356] or to enhance different nonlinear effects [114]. 
Note that surface plasmon polaritons (SPP), instead of LSP, can be excited along a flat metallic 
film [353]. In the case of the flat gold substrate, the dielectric adjacent to the gold surface is air 
and, as a result, SPP cannot be excited in the currently studied THz frequency range [353]. 
Hence, the absorptance remains very low along these frequencies, which is calculated and 
demonstrated by the blue line in Fig. A2. The flat gold substrate acts as an almost perfect mirror 
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to the THz radiation and most of the incident light is reflected back leading to very small 
absorptance due to the large reflection coefficient and, as a result, reflectance. This is in sharp 
contrast to the obtained absorptance enhancement in our proposed hybrid graphene-covered 
gold grating which comes from the strong coupling between the LSP along the gold grating 
and the SPP in the graphene sheet. The brown line in Fig. A2 represents the absorptance of 
graphene placed over the flat gold substrate with a schematic of this geometry shown in the 
inset of Fig. A2. The absorptance of this configuration is also low and almost identical to the 
case without graphene (blue line in Fig. A2) because again LSP or SPP cannot be excited. The 
low absorptance of the pure flat gold substrate and planar gold with graphene cases naturally 
leads to low nonlinear efficiency. This is verified by Fig. 4.7 in Chapter 4, where the THG 
conversion efficiency of the planar gold substrate with (green line) and without (red line) 
graphene on top is plotted. 
 
Figure A2 Comparison of the computed absorptance between the pure gold substrate and planar gold 
substrate with graphene cases. Inset: A schematic of the flat gold substrate covered by graphene. 
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A5. Nonlinear model 
Only one electromagnetic wave solver is used to perform the linear absorptance simulations 
at the fundamental frequency. In order to compute the THG nonlinear radiation, an additional 
electromagnetic wave solver needs to be included and coupled to the FF solver. The harmonic 
wave coupling frequency domain method is used in our calculations by nonlinearly connecting 
several physics interfaces that model the structure in each frequency of the proposed nonlinear 
process. In the case of THG simulations, COMSOL will solve the nonlinear Maxwell’s 
equations at the TH frequency 3THf f= , where f  is the fundamental frequency. In this case, 
a wave with frequency 3 f  will be generated, when an incident wave with FF f  excites the 
proposed nonlinear graphene-covered grating. The radiated output power of the TH wave is 
computed by calculating the integral  over the surface of the structure, where  is the 
Poynting vector crossing the boundary surface C and  is the boundary norm vector.   
During the FWM process, two waves with frequency 1f  and one wave with frequency 2f  
are mixed and a new wave is generated and emitted with frequency 3 1 22f f f= − . Thus, three 
electromagnetic wave solvers are needed to take into account the FWM mechanism and 
compute the emitted 3f  wave. The first two solvers with frequencies 1f  and 2f  would operate 
as input waves to the nonlinear third solver that computes the emitted wave with frequency 3f . 
We can set the polarization direction and incident angle for both input waves. In addition, the 
input intensities can also be changed. The same method with the presented in the previous 
paragraph THG radiation calculation is used to compute the generated FWM output power. In 
addition, the enhanced electric field distribution of each process is calculated by the ratio 
0| |E E , where E  is the electric field at any point in the computational domain that can be 
C
S n⋅∫


S

n
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calculated in different frequencies, and 0E  is the input electric field. 
 
A6. Power flow and perfect absorption considerations in graphene-plasmonic gratings  
To further demonstrate the perfect absorption obtained by the proposed hybrid graphene-
plasmonic gratings, we calculate the power flow versus frequency at the interface between air 
and the grating’s gold material by integrating the time-averaged Poynting vector given by: 
1 Re{ }
2C C
P S n E H n∗= = ×∫ ∫
  
 
 
, where S

 is the time-averaged Poynting vector, C is the 
boundary curve at the gold/air interface extended along the gold part of the grating and not 
along the air upper part of the corrugations, n  is the boundary norm vector along this interface, 
E

 is the electric field vector and H

 is the magnetic field vector. The skin depth of gold around 
the presented perfect absorption resonance frequency (8.8 THz) is approximately 0.02umδ =
[260,357] and no power is expected to penetrate inside gold below this ultrathin skin depth. 
We calculate the power going into gold versus frequency by integrating the time-averaged 
Poynting vector over three boundary curves along different depths inside the gold part of the 
grating that are shown by the red, blue, and green lines in the inset of Fig. A3(a). Note that 
these lines are only extended along the gold part of the grating and not along the upper air part 
of the corrugation trenches. The red line represents exactly the interface between air and gold, 
the green line is placed at approximately the skin depth of gold (0.02um), and the blue line is 
located deep inside gold and five times larger compared to the gold’s skin depth (0.1um). We 
integrated the time-averaged Poynting vector over the curves of interest to calculate the total 
power going inside gold in these three different cases versus the incident radiation frequency. 
The computed power for these three cases is shown in Fig. A3(a), where it is demonstrated that 
the power flow is much smaller and almost zero deep inside gold (five times larger compared 
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to the gold’s skin depth) (blue line) compared to the power at the interface (red line). 
 
Figure A3 (a) Computed power flow at the interface between air and gold (red line), almost equal to the 
gold’s skin depth (green line), and four times larger (blue line) than the gold’s skin depth. The inset shows a 
schematic with the corresponding positions where the power is calculated. (b) The computed absolute value 
of the electric field enhancement distribution and the power flow arrows inside the structure at the resonance 
frequency. The power flow is dissipated and fully absorbed inside the air corrugations’ trenches. (c), (d) Real 
part of x- and y-components of electric field enhancement distribution and the power flow arrows at the 
resonance frequency. The results are obtained for grating parameters p=8um, b=0.6um, d=8um. The 
graphene’s Fermi level EF is equal to 0.1 eV. 
 
The minimum in the power flow spectrum obtained at the absorption resonance frequency 
(8.8THz) in Fig. A3(a) for values less than the gold’s skin depth proves that most power goes 
into the grating’s trenches and not inside gold at this frequency point, as it is also shown by the 
time-averaged power arrows plotted at the resonance in the close-up of Fig. A3(b). The power 
can fully penetrate and interact with the ultrathin 2D graphene placed on top of the gold grating 
corrugations, and this can be further derived by observing Fig. A3(b), where the computed 
absolute values of the electric field enhancement distribution and the arrows representing the 
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power flow are plotted at the resonance frequency. It can be clearly seen in Fig. A3(b) that all 
the incident power is fully absorbed inside the elongated trenches of the metallic grating, since 
the power flow arrows become smaller as they travel deeper inside them. The majority of the 
field and power enhancement happens exactly at the interface between the grating trenches and 
air, where graphene is located. Hence, the power of the incident radiation, which is fully 
absorbed into the corrugations’ trenches, is strongly interacting with graphene that leads to the 
enhanced nonlinear response presented in Chapter 4. In addition, the x- and y-components of 
the real part of the electric field enhancement distribution at the resonance frequency are shown 
in Figs. A3(c) and (d), respectively, to further prove the aforementioned point. The absolute 
value of the electric field shown in Fig. A3(b) is computed by the formula 2 2| | | | | |x yE E E= + .  
It is obvious from Fig. A3 that all the energy is absorbed inside the corrugations and there 
are no surface waves travelling along the grating. To further prove this point, we create two 
new simulation models to clearly demonstrate that all the power is absorbed inside the trenches 
and there are no surface waves. In the first model, we consider a finite number of corrugations 
to simulate a more realistic situation where 16 corrugations are used and a continuous graphene 
sheet is placed on top of them. Perfect electric conductor (PEC) boundary conditions are 
employed in both sides at the x-direction and port boundaries are placed up and down in the z-
direction to create the incident plane wave. The computed absorptance shown in Fig. A4(a) 
perfectly matches the single unit cell surrounded by PBCs simulation results presented in 
Chapter 4. Note that there is a small difference in the absorption resonance frequency (9.1THz) 
in this case compared to the infinite structure due to the minor detuning introduced by the finite 
structure of Fig. A4(a) and the slightly different grating parameters used. The black arrows in 
Fig. A4(b) depict the power flow of the finite structure at the absorption resonance frequency 
and clearly demonstrate that all the power is absorbed inside the corrugation trenches, similar 
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to the results presented in Fig. A3. The power is not reflected back and it is fully absorbed as 
it travels along the trenches. This further proves the predicted perfect absorption response at 
the resonance frequency of the proposed hybrid grating and provides a clear evidence that there 
are no additional surface waves travelling along its interface.  
 
Figure A4 (a) Computed absorptance spectra of the proposed hybrid grating made by a finite number of 
corrugations. The inset represents the simulated structure. (b) The y-component of the real part of the electric 
field enhancement distribution normalized at its maximum value at the absorption resonance frequency and 
the flowing of the power (depicted by arrows) inside the structure. The results are obtained for grating 
parameters p=8um, b=0.6um, d=8um. The graphene’s Fermi level EF is equal to 0.1 eV. 
 
In the second model, we employ a different way to calculate the total absorbed energy by 
integrating the total power dissipation density over the volume of the structure. This type of 
absorption energy calculations are usually performed in scattering problems and not in 
reflection/transmission problems similar to the currently proposed hybrid grating configuration. 
The total power dissipation density is calculated by using the formula E J ∗⋅
 
, which can be 
obtained by the COMSOL predefined variable Qh. Thus, the total absorbed power of the finite 
hybrid grating is computed by 1 Re{ }
2abs S
P J E∗= ∫
 

 [264], where J is the current density, S 
represents the surface of the proposed structure since our model is two-dimensional. By 
integrating the total power dissipation density over the blue region in Fig. A5(a), which 
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includes both the lossy gold and graphene materials, we obtain the total dissipation power of 
the hybrid grating. In the finite grating simulation presented in Fig. A5(a), the background 
electric field formalism is employed to create the normal incident plane wave and perfect 
matched layers (PML) are used to fully absorb all outgoing waves scattered by the grating. The 
computed total dissipation energy by the proposed structure is shown in Fig. A5(b), where it is 
obvious that the trend and peak position of this curve are similar with the previous absorptance 
result shown in Fig. A4(a) for an identical structure but obtained by using the reflectance and 
transmittance values. The absorbed power reaches to a maximum value at the same resonance 
frequency and then drops to very low values, as it is expected and also predicted in Chapter 4. 
Thus, we can conclude that the total dissipation energy result computed in Fig. A5 matches 
almost perfectly the absorptance results computed by the models in Fig. A4 and the results (Fig. 
4.3) presented in Chapter 4.  
 
Figure A5 (a) Scattering and absorption model of the finite hybrid graphene-covered grating. (b) The 
calculated over a broad frequency range total dissipation energy along the hybrid grating. The computed 
absorption peak is identical to the absorptance peak shown in Fig. A4(a) and Chapter 4. The results are 
obtained for grating parameters p=8um, b=0.6um, d=8um. The graphene’s Fermi level EF is equal to 0.1 
eV. 
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